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ABSTRACT OF THE DISSERTATION
MULTINUCLEON SHORT-RANGE CORRELATION MODEL FOR NUCLEAR SPECTRAL
FUNCTIONS
by
Oswaldo Artiles
Florida International University, 2017
Miami, Florida
Professor Misak M. Sargsian, Major Professor
The main goal of the research presented in my dissertation was to develop a theoretical
model for relativistic nuclear spectral functions at high missing momenta and removal ener-
gies based on the multi-nucleon short-range correlation (SRC) model. The nuclear spectral
functions are necessary for the description of high energy nuclear processes currently being
studied at different labs such as JLAB, LHC and FNAL.
The model followed the effective Feynman diagrammatic approach in order to account
for the relativistic effects important in the SRC domain. In addition to the two-nucleon (2N)
SRC with center of mass motion contribution, the contribution of the three-nucleon SRCs to
the spectral functions was also derived. The latter was modeled based on the assumption that
the 3N SRCs are a product of two sequential short range nucleon-nucleon (NN) interactions.
The nuclear spectral functions models were derived from two theoretical frameworks for
evaluating covariant Feynman diagrams: In the first, referred to as the virtual nucleon approx-
imation, the Feynman diagrams were reduced to the time ordered non-covariant diagrams by
evaluating the nucleon spectators in the SRC at their positive energy poles, neglecting explic-
itly the contribution from vacuum diagrams. In the second approach, referred to as the light-
front approximation, the boost invariant nuclear spectral function was formulated in the light-
front reference frame in which case the vacuum diagrams are kinematically suppressed and the
bound nucleon is described by its light-front variables such as momentum fraction, transverse
momentum and invariant mass.
v
On the basis of the derived nuclear spectral functions, the corresponding computational
models were developed from which the numerical estimates of the SRC spectral functions, the
SRC momentum distributions, and the SRC density matrices were obtained.
vi
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CHAPTER 1
Introduction
Scattering experiments have been the most important experimental tools to reveal the struc-
ture of visible matter, specially the structure of atoms and nucleus. In 1911, Rutherford, through
scattering experiments of alpha particles off atomic targets, discovered the atomic nucleus [1].
Experiments of disintegration of nitrogen nuclei in 1919, led Rutherford to conclude that the
nucleus was a composite system of particles held together by a strong force [2]. Rutherford
also gave the name of proton to the hydrogen nucleus, and predicted the neutron in 1920 [3].
The prediction of Rutherford was confirmed by Chadwick [5] and Curie-Joliot [6]who, indepen-
dently, showed the existence of the neutron in 1932. The atomic nucleus has since been con-
sidered a system composed of strong interacting nucleons 1 [7], held together by strong short-
range forces, of a different nature than those of the electromagnetic and gravitational forces.
Since the atomic nucleus is the basic component of all the visible matter in the universe, a con-
tinuous and very important experimental and theoretical efforts have been ongoing since 1932
to understand and explain the nuclear and the nucleon structures at the fundamental level.
In 1935, Yukawa described the interaction of nucleons in the nucleus by means of a field
of force associated with a particle or a quantum which was a carrier of this interaction [8]. Two
particles, the pion+and the pion-, were discovered in 1947 [9], and the neutral pion was isolated
in 1950, completing a trilogy of particles that were identified as the carrier particles predicted
by Yukawa.
The availability of high energy particle accelerators in the middle fifties and early six-
ties, allowed the discovery of a multitude of strong interacting particles collectively known as
hadrons, that formed groups of particles with similar properties [55]. The first formal group
classification of the hadrons was given by Gell Man [16] and independently by Yuval Ne’Man
[17] in the so-called "Eightfold Way", that classified hadrons into subgroups identified with
octet representations of the SU(3) group. The classification of hadrons proposed by Gell Man
was confirmed by the 1964 discovery of the omega-minus particle, predicted in 1962. After this
1a common name for protons and neutrons
1
discovery Gell-Mann [20] and George Zweig [21,22] independently predicted that hadrons were
composed of elementary fermions named as quarks [54].
The ever increasing energy of modern particle accelerators and the complete knowledge
of the electromagnetic interaction between electrons and nucleons or nuclei were essential
to prove the existence of the quarks as fundamental components of hadrons in general, and
nucleons in particular. In 1968, the first results from deep inelastic scattering experiments
demonstrated that protons and neutrons are composite structures made up of particles with
fractional electric charge as well as neutral particles [56, 57]. The charged particles were later
identified with quarks predicted by Gell-Mann [20] and Zweig [21,22], and the neutral particles
with the massless gluons, the carriers of the strong interaction between quarks in hadrons.
The above mentioned experimental and theoretical efforts resulted in the formalization
and acceptance of the quantum field theory of strong interactions: quantum chromodynam-
ics (QCD), within QCD the vast majority of physical hadrons are many-body, highly relativistic
systems composed of light quarks and massless gluons [54, 85]. Quantum Chromodynamics
(QCD) is a non-abelian gauge field theory (Yang and Mills theory [13] ) that describes the strong
interactions of colored quarks and gluons fields. Quantum Chromodynamics is the SU(3)c
component of the SU(3)c xSU(2)LxU(1)Y of the Standard Model of Particle Physics.
Quarks are strongly interacting fermions with spin 1/2 and, by convention positive parity.
The electric charges of the quarks are -1/3 and 2/3. There are six different types of flavors of
quarks: up (u), down (d), strange (s), charm (c), top (t) and bottom (b). In order to have anti-
symmetric wave functions (Pauli exclusion principle), the quarks carry color charges, which for
convention are called: red (R), green (G) and blue(B). The color of quarks is a quantum num-
ber that was first proposed by Fritzsch and Gell-Man [31] who identified the extra symmetry
of QCD with the color symmetry. As a result of the color charges, quarks are said to be in the
fundamental representation of the SU(3)c color Lie group.
Gluons are massless gauge bosons, with spin 1 and two polarization states, which medi-
ate color interactions among quarks. They, represented through non-Abelian gauge fields in
QCD, are responsible for binding the quarks together. Gluons carry color charges and hence
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interact with each other even in the absence of quarks [40]. Gluons transform under the adjoint
representation of the Lie group SU(3)c [117].
Even though hadrons are composite systems of quarks and gluons, the understanding of
the nuclear structure is mainly based on the nucleonic degrees of freedom. Hence, a nucleus
of mass number A and atomic number Z , is commonly represented as a system of A nucleons,
Z of which are protons and (A−Z ) neutrons. The main picture of nuclei as a composite system
of nucleons is taken from the mean field approximation, on which each nucleon is modeled
as an independent particle moving in the mean field potential of the remaining nucleons [80].
However, the picture breaks down when the momentum of the bound nucleon exceeds kF '
250 MeV/c, where kF is the characteristic Fermi momentum of the nucleus described as a de-
generate Fermi gas [28].
One of the major issues of modern nuclear physics is to understand the nuclear struc-
ture above the kF domain. The issue is directly related to understanding the nucleon-nucleon
interaction at short distances inside the nucleus. The interaction prevents two nucleons from
coming very close together demanding the existence of high momentum components in the
nuclear ground state wave function. The close nucleon-nucleon interactions cannot be de-
scribed in the context of nuclear mean field models and are commonly called multi-nucleon
short-range correlations (SRC) [99].
Deep inelastic scattering (DIS) of leptons off the nucleus is one of the methods for probing
nuclear structures at small distance scales. Before 1983, it was predicted that the quarks inside
the nucleus followed the rules of the mean field model. According to which the quark-gluon
dynamics in each nucleon was not influenced by the nuclear mean field. The fact that the quark
momentum distributions for individual nucleons are modified in the nuclear medium was first
observed by the European Muon Collaboration (EMC) experiment and is usually known as the
EMC effect [38]. The discovery of the EMC effect is considered the starting event of a new era
in nuclear QCD.
The importance of the high momentum properties of bound nucleon for nuclear EMC ef-
fects follows from the recent observations of apparent correlation between the medium modi-
fication of the quark momentum distributions and the strength of the two-nucleon short range
3
correlations (SRCs) in nuclei [97,100]. In order to improve our knowledge of the role of the QCD
interactions in the nuclear dynamics, it is crucial to understand the role of the SRCs in the EMC
effects [75].
As a result of the QCD evolution of nuclear parton distributions functions(PDFs)( see Eq.
(1.3)), it is expected that at very large Q 2 the knowledge of the high momentum component
of the bound nucleons becomes important because of the contribution of quarks with mo-
mentum fractions (x ) larger than the ones provided by an isolated nucleon (i.e. partons with
x > 1) [125, 126].
The same is true for the reliable interpretation of neutrino-nuclei scattering experiments
in which case both the medium modification of PDFs as well as the realistic treatment of SRCs
are essential. One of the main results of the experiments is the discrepancy found between
measurements of sin2θw (θw is the weak mixing angle) involving free particles and those in-
volving bound nucleons in the nuclear medium, the so-called NuTev anomaly [72, 73, 77, 102].
A possible explanation to the corresponding results is derived from the presence of more en-
ergetics protons in neutron rich, large A, asymmetric nuclei which implies that u-quarks are
more modified than d-quarks, resulting in a negative correction for the experimental value of
sin2θW for bound nucleons [111].
All the above described areas of research require models to predict the high momenta and
binding energies of bound nucleons in the nuclei. Such models are described through the nu-
clear spectral functions that define the joint probability of finding a nucleon in the nucleus with
momentum p and removal (binding) energy Em . With the advent of the Large Hadron Collider
and expected construction of electron-ion colliders as well as several ongoing neutrino-nuclei
experiments, the knowledge of such spectral functions will be an important part of the theo-
retical interpretation of the data involving nuclear targets.
The present dissertation is divided in four major chapters. In chapter 2, the theoretical
framework for the multinucleon short-range correlation model for nuclear spectral functions
is developed. The diagrammatic method of calculation of the spectral function is described, as
well as the mathematical models for the spectral function in two approaches: Virtual nucleon
and light front approximations. From the mathematical models of chapter 2, computational
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models to obtain numerical estimates for the spectral functions, density matrices, and nucleon
momentum distributions are developed in chapter 3. The numerical estimates of the spectral
functions, density matrices, and nucleon momentum distributions are presented in chapter 4.
Finally, the main conclusions and an outline of future projects are included in chapter 5.
In the rest of chapter 1, the relationship between lepton-nucleus scattering cross section
and the nuclear spectral function is presented. Then, a brief description of the EMC effect and
its relation to 2N SRC is included. The assumptions for modeling two and three nucleon short-
range correlations are also described. Finally, some definitions and the range of validity of the
nuclear spectral functions, including the treatment of the relativistic effects and the model for
2N SRC center of mass motion are presented.
1.1 Lepton-nucleus inclusive scattering cross section and nuclear spectral function
In the lepton-nucleus inclusive scattering reaction (l+A −→ l ′+X +(A−1)∗), shown in Fig.1.1(a),
X is the hadron final state and (A-1) the recoil system of bound nucleons, and only the final
lepton is detected.
l’
X
A−1
l
l’
N
A A
A−1
l
(b) Quasi−elastic Scattering (c) Deep−Inelastic Scattering
A
A−1
l
l
N
X
N
(a) Lepton−Nucleus Scattering
Figure 1.1: Lepton-nucleus inclusive scattering.
In the one-boson exchange approximation, if l and l’ are the same leptons ( electrons or
muons) the reaction is mediated by either the weak neutral gauge boson, Z 0, or the photon
γ. If l and l’ differs by one unit of charge, for instance (muon, neutrino) or (anti-muon, anti-
neutrino), the reaction is mediated by the weak charged gauge bosons, W −, or W +.
The kinematic variables for the lepton-nucleus inclusive scattering in the lab frame (nu-
cleus rest frame) are: pA = (MA , 0), for the four-momentum vector of the nucleus of mass MA ;
5
k
µ
l = (El , kl ) and k
µ
l ′ = (El ′ , kl ′ ), for the four-momentum vectors of the initial l and final l
′ lep-
tons, respectively. qµ ≡ (q 0, q) = (El − El ′ , kl −kl ′ ), is the four-momentum vector of the gauge
boson, with Q 2 ≡ −(qµ)2 defined as the virtuality of the gauge boson. If q 0 MZ ,MW , where
MZ (MW ) is the mass of the Z (W +) gauge boson, and l=l’ (muon or electron) the reaction is
defined by one-photon exchange.
Theoretical studies demonstrated that If Q 2 ¾M 2N , where MN is the mass of a nucleon.
the size of the probe (∼ 1/Q 2) is smaller than the size of the nucleon, hence it can be considered
that the lepton scatters off a bound nucleon inside the nucleus (see Fig.1.1(b) and (c)). In Fig
1.1, it is assumed that the final state interactions of the hadron final state (X ) can be neglected.
Such an assumption is referred to as the plane wave impulse approximation (PWIA) [39, 82].
The PWIA is justified for inclusive processes with largeQ 2(Q 2 ≥ 2 GeV2) such as deep inelastic
scattering [113].
The total energy of the lepton-nucleon scattering (Fig. 1.1(b)) is defined as W 2N ≡ (pµN +
qµ)2. If W 2N ∼ M 2N then the hadron final state X is a nucleon and the corresponding lepton-
nucleus scattering is defined as quasi-elastic. If W 2N > (MN +Mpi)
2, the hadron final state X
may consist of a nucleon and a pion (pi) or baryonic excited resonances. In the region of deep
inelastic scattering (DIS), WN > 2.5 GeV andQ
2 > 2.0 GeV2, the target nucleon breaks down in
a final state X consisting of a collection of hadrons.
Deep inelastic lepton-nucleon scattering (DIS) has been fundamental in unveiling the
structure of nucleons. In the parton model with very large Q2 [26, 29], the virtual photon in-
teracts with one of the quarks of the bound nucleon (Fig 1.1(c)). Such a picture is relevant in
the infinite momentum frame (IMF) of the nucleon. The lepton-nucleon center of mass frame
is a good approximation to such IMF, on which the quarks (partons) within the nucleons are
slowed down by Lorentz time dilation effects. In the IMF, therefore, the struck quark can be
considered free, and characterized by the momentum fraction of the fast nucleon defined as
the invariant Bjorken scaling variable x =Q 2/(2pq ), (0 ≤ x ≤ 1), [26].
The one-photon exchange differential cross section for unpolarized lepton-nucleon in-
clusive inelastic scattering can be expressed through two independent nucleon structure func-
6
tions F N1 and F
N
2 as [11, 23, 24, 101]
d 2σ
dEl ′dΩl ′

l a b
=
dσ
dΩ

Mot t
1
ν

F N2 (x ,Q
2) +
2ν
MN
tan2(θl /2)F
N
1 (x ,Q
2)

, (1.1)
where ν = q 0 =Q 2/(2MN x ), and

dσ
dΩ

Mot t
= α
2 cos2(θl /2)
4E 2l sin
4(θl /2)
is the Mott cross section for electron-
point charge scattering [4] , and θl the scattering angle. In the elastic scattering kinematics, F N1
and F N2 can be expressed as functions of the so called electric (GE ) and magnetic (GM ) form
factors of the nucleon [15, 18, 35, 40].
In the inelastic scattering kinematics, F N1 and F
N
2 are functions of the two independent
variables x and Q 2. However within the partonic model of the nucleon, it was predicted that
in deeps inelastic scattering (largeQ 2):
F N1 (x ,Q
2)→ F N1 (x ),
F N2 (x ,Q
2)→ F N2 (x ), (1.2)
where the dimensionless nucleon structure functions, F N1,2 are independent ofQ
2, that is inde-
pendent of any mass scale (scale invariant), signaling the presence of free point-like quarks in
the nucleons by satisfying the Bjorken scaling property [26].
The nucleon structure functions contain the information about the parton’s (quark’s) momen-
tum distribution in the nucleon, namely
F N2 (x ) =
∑
i
e 2i x fi (x ),
F N1 (x ) =
1
2x
F N2 (x ), (1.3)
where ei is the quark electric charge, and fi (x ) is the parton longitudinal momentum distribu-
tion function in the infinite momentum frame, that is the probability that the struck quark i
carries a fraction x of the nucleon momentum p . Hence, the nucleon structure function F N2
gives the weighted, by the square of the parton electric charge, probability of finding a parton
in the nucleon that carries a fraction x of the total nucleon momentum.
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The parton momentum distribution functions fi (x ) are normalized as:
∑
i ′
∫
x fi ′ (x )d x = 1, (1.4)
where i ′ sums over all the partons, not just the charged ones that interact with the photon
[34, 40, 108].
A−1
A
N
l
X
l’
Nuclear spectral function
Lepton−nucleon scattering
q
Figure 1.2: Lepton-nucleus deep inelastic inclusive scattering regions
Similar to the free nucleon case, the inclusive cross section for lepton-nucleus scattering
can be expressed as follows
d 2σ
dEl ′dΩl ′

l a b
=
dσ
dΩ

Mot t
1
ν

F A2 (xA ,Q
2) +
2ν
MA
tan2(θl /2)F
A
1 (xA ,Q
2)

, (1.5)
where F A1 and F
A
2 are the nuclear structure functions, that, within the above discussed plane
wave impulse approximation (PWIA), can be expressed as a function of the nucleon structure
functions, F N1 and F
N
2 and of the nuclear spectral function (as depicted in Fig. 1.2 for lepton-
nucleus deep inelastic inclusive scattering), by the following convolution integrals [70]
F A1 (x ,Q
2) =
AMN
MA
∑
N
∫
SNA (p,Em )

F N1 (x˜ ,Q
2) +
p 2⊥
2MN ν
F N2 (x˜ ,Q
2)

d 4p , (1.6)
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F A2 (x ,Q
2) =
AMN
MA
∑
N
∫
SNA (p,Em )
ν
ν˜
¦
F N2 (x˜ ,Q
2)
 (1+ cosδ)2
M 2N

p+ +q+
pq
q 2
2
+
p2⊥
2M 2N
sin2δ
©
d 4p , (1.7)
where SNA (p,Em ) is the nuclear spectral function which defines the joint probability of finding
a nucleon in the nucleus with momentum p and removal energy Em , MA is the mass of the
nucleus, xA =Q 2/(2q 0MA/A), ν˜= ν+(p 2−M 2N )/(2MN ), x˜ =Q 2/(2pq ), and cosδ= ν/
p
ν2−q 2.
The four vector momentum of the bound nucleon in the light-front coordinate frame is defined
as pµ = (p−,p+, p⊥), with p+ = p0 +pz ,p− = p0−pz , and p⊥ = (px , py ).
1.2 The Nuclear European Muon Collaboration (EMC) Effect
Since the binding energy of the nucleus is very small compared to the energy scales in deep in-
elastic scattering, it was assumed that, except for nucleon Fermi motion, the nucleus acted as a
collection of slowly moving weakly bound nucleons, with their internal properties unchanged
compared to the free nucleon case. Therefore the following ratio for the per nucleon inelas-
tic structure functions F A2 to the inelastic structure functions F
p
2 and F
n
2 of a free proton and
neutron
R = AF A2 /[Z F
p
2 + (A−Z )F n2 ], (1.8)
was expected to rise for x ¦ 0.2, and be about 1.2 -1.3 for x = 0.65, as it is shown in Fig. 1.3, in
which Fermi motion corrections were included. Hence, it was expected that the nuclear deep
inelastic inclusive scattering cross section will be completely defined by partonic distributions
of free nucleons, with the nucleon Fermi motion as the only nuclear effect. It was also predicted
that Eqs. (1.6) and (1.7), would give the same results for all nuclei. In summary, it was predicted
that the nuclear cross section would be the sum of the cross sections of the number of nucleons
inside the target [38, 76, 108].
The above assumption was demonstrated to be wrong when the European Muon Collab-
oration (EMC) experiment discovered that in the muon-nucleus DIS, the ratio of the scattering
9
Figure 1.3: Theoretical predictions for the Fermi motion corrections of the bound nucleon
structure functions F N2 for iron. Figure from [38].
cross section from nuclei to the deuteron, which is close to the ratio R in Eq. (1.8), was in strong
disagreement with the predictions of Fig. 1.3. In the initial experiments, the ratio of the struc-
ture functions of iron nucleus and deuteron (FN2 (Fe)/F
N
2 (D)) was experimentally found to be
decreasing and substantially different than unity in the region 0.05≤ x ≤ 0.65 (see Fig. 1.4). The
interpretation of the experimental results was that the inelastic structure functions of nucleons
measured in nuclei are different from those of quasi-free nucleons in the deuteron [38, 42]. It
was also found that this difference was growing with the mass number A of the nucleus, which
indicated that the nucleon structure modification is proportional to the nuclear density. The
modification of the quark momentum distribution of bound nucleons in the nucleus, as com-
pared to that of free nucleons, became known as the nuclear European Muon Collaboration (
EMC) effect.
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Figure 1.4: EMC experimental results for the ratio of the structure functions of iron nucleus and
deuterium (FN2 (Fe)/F
N
2 (D)). Figure from [38].
Recent measurements at the Jefferson lab (shown in Fig. 1.5 for Carbon) verified the nu-
clear EMC effect with unprecedented accuracy for a wide range of nuclei, confirming that the
EMC ratio REMC= 2 (σe A)i s / (AσeD ) ( where (σe A)i s is the average cross section for isoscalar
nucleon andσeD is the cross section for deuteron) is below unit for all the targets studied [91].
1.3 Multinucleon short-range correlations in nuclei
The main theoretical picture that describes the bulk properties of nuclei, is that the nucleons
are independent particles moving in an average or mean field generated by the remaining (A−
1) nucleons in the nucleus. As a result each nucleon is independent of the exact instantaneous
position of all other nucleons. The simple mean field model has been successful in correctly
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Figure 1.5: Carbon EMC ratios for the highestQ 2 settings (Q 2 quoted at x= 0.75). Uncertainties
are the combined statistical and point-to-point systematic. The solid curve is the SLAC fit to
the Carbon EMC ratio. Figure from [91].
predicting all nuclear magic numbers, as well as in describing a large amount of nuclear data
[14, 19, 50].
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Figure 1.6: 2N and 3N scaling regions for nucleus A. Figure from Ref. [84]
The nuclear shell model, based on the above described mean field picture of the nucleus,
is valid for long range (≥ 2 fm) mutual separation of nucleons, which in the momentum space
corresponds to the nucleon momentum being less that kF ∼ 250 MeV/c ( [60]. The nuclear
shell model however was found to break down for inter nucleon distances smaller than 2rN ,
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where rN ≈ 0.85 fm is the radius of the nucleon, on which two nucleons start to overlap and
the notion of the mean field become invalid. Their dynamics are mainly defined by the NN
interaction at short distances which is dominated by the tensor interaction (∼ 0.8−1.2 fm) and
repulsive core (≤ 0.5− 0.7 fm) [32, 60, 86]. Such configurations are generally referred to as 2N
Short Range Correlations (SRCs) in the nucleus [46, 48, 89, 99, 133].
Theoretical analysis show that the nucleons belonging to such 2N SRCs have large (greater
than kF ) relative momentum and low (smaller than kF ) center of mass momentum. There are
also lower probability configurations such as three (3N) or multi-nucleon (MN) SRCs, a very
important high density structures present in the ground state wave function of the nucleus,
responsible for high momentum nucleons much above the Fermi momentum kF . Any experi-
ment designed to access such MN SRCs must probe the bound nucleon in the nucleus at very
large momenta. Lepton-nucleus scattering, at large values of the Bjorken parameter, xB , is the
most appropriate experiment to prove such MN SRC nuclear structures.
The kinematic region for lepton-free nucleon scattering is 0< xB < 1, whereas for bound
nucleon in a nucleus A is 0< xB < A. It is expected that scattering from j-nucleon SRC will dom-
inate at j-1< xB < j [49]. If a lepton scatters off the nucleon from j-nucleon SRCs, then it is
expected that the cross section ratio
R (A1,A2) =
σ(A1,Q 2, xB )/A1
σ(A2,Q 2, xB )/A2
, (1.9)
where σ(A1,Q 2, xB ) and σ(A2,Q 2, xB ) are the inclusive lepton scattering cross sections of nu-
cleus A1 and A2 respectively, will scale, that is to be constant. The scaling results from the dom-
inance of MN SRCs in the high momentum component of the nuclear wave function. Hence,
plateaus are expected in the ratio of the inclusive cross sections of heavy nucleus to light nuclei
such as 3He, showing that the momentum distributions at high momenta have the same shape
for all nuclei differing only by a scale factor [43, 49, 78].
Recent experimental studies of high energy e A and pA processes [64, 74, 78, 84, 85, 90,
103,119] resulted in a significant progress in understanding the dynamics of 2N SRCs in nuclei.
The series of electron-nucleus inclusive scattering experiments [78,84,103]have confirmed the
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prediction of the scaling for the ratios of inclusive cross sections of a nucleus to the deuteron
(3He) in the kinematic region xB > 1 (dominated by the scattering from the bound nucleons
with momenta p > kF ∼ 250 MeV/c ) Within the 2N SRC model, these ratios allowed to extract
the parameter a2(A,Z ) which characterizes the probability of finding 2N SRC in the nucleus
relative to the deuteron. Results of the above mentioned experiments with Q 2 ≥ 1.5 GeV2, are
shown in Fig. 1.6.The cross section ratios in Fig. 1.6 scales initially in the region 1.5< x< 2.0,
which indicates dominance of 2N SRC in this region, and scales a second time for x > 2.25,
indicating dominance of 3N SRC.
1.3.1 Strong Correlation Between Nucleon-Nucleon Short Range Correlations and
the EMC Effect
Since both the EMC effect and the 2N SRCs depend on the mass number A and on the nuclear
density, it was predicted that they were strongly correlated [92]. The prediction was probed by
experiments on which the correlation between the strength of the nuclear EMC effect and the
strength of 2N SRCs was observed as it is shown in Fig. 1.7 [97]. The strength of the EMC effect
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Figure 1.7: The EMC slopes versus the SRC scale factors. Figure from Ref. [97]
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for a nucleus A in Fig. 1.7 is represented by the slope of the EMC ratio (REMC) of the per-nucleon
deep inelastic cross section of nucleus A relative to the deuteron, dREMC/dx, in the region 0.35
≤ x ≤ 0.7 [92]; and the strength of the 2N SRCs is represented by the nuclear scale factor of the
nucleus A relative to the deuteron a2 (A/d), which represents the probability of having 2N SRCs
in the nucleus A.
The EMC-SRC correlation is a very important experimental result that provides new in-
sight into the origin of the EMC effect. Since the SRC structure in the nucleus implies high mo-
mentum bound nucleons, it indicates that the EMC effect is only the result of the high momen-
tum component of the nuclear wave function, so that the possible modification of the parton
distributions in nucleons in the nucleus occurs only in nucleons belonging to SRCs [107, 108].
Hence, a further understanding of the dynamical origin of the observed EMC-SRC corre-
lation requires a theoretical model for the nuclear spectral function, SNA (p,Em ) , that describes
the 2N and 3N SRCs in a consistent way. The model will allow the calculation of the cross sec-
tions for lepton -nucleus scattering from Eqs. (1.5), (1.6), and (1.7). Thus, the main motivation
of the research presented in this dissertation was to develop a self consistent theoretical model
for calculation of the nuclear spectral functions in the domain of 2N and 3N short range corre-
lations. One of the important requirements in developing such models was that the calculated
spectral functions should include all recent findings that have been made in experimental and
theoretical studies of SRCs in nuclei as those described in the following sections (1.3.2 and 1.3.3)
of the present chapter.
1.3.2 Model for 2N and 3N short-range correlations in nuclei
Despite impressive recent progress in ab initio calculations of nuclear structure for the mean
field (shell) model (see e.g. Ref. [118]), their relevance to the development of the spectral func-
tions at large momenta and removal energies, where the dominance of SRCs is expected, is
rather limited. Not only the absence of relativistic effects but also the impossibility of iden-
tifying the relevant nucleon-nucleon (NN) interaction potentials makes such a program un-
realistic. One way for progress is to develop theoretical models that use the short-range NN
correlation approach in the description of the high momentum part of the nuclear wave func-
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Figure 1.8: 2N and 3N SRC models for nuclear spectral functions
tion (see, e.g., [36, 45, 52, 105, 109, 110, 116, 124, 128, 129]). In such an approach, it is possible to
consider the empirical knowledge of SRCs acquired from different high energy scattering ex-
periments thus reducing in some degree the theoretical uncertainty related to the description
of high momentum nucleon in the nucleus.
The main goal of chapter 2 of the present dissertation is to develop a model for high mo-
mentum nuclear spectral function using the several phenomenological observations obtained
in recent years in studies of the properties of two-nucleon SRCs [78, 84, 85, 88, 90, 103, 106, 119,
130,131]. A model is first developed describing the nuclear spectral function at large momenta
and missing energies dominated by 2N SRCs with their center of mass motion generated by the
mean field of the A−2 residual nuclear system.
Even though some experiments have shown evidence for 3N SRCs [84], there are other
experiments [103] that did not see such evidence. Considering the experimental ambiguity, a
theoretical framework for calculating the contribution of 3N SRCs to the nuclear spectral func-
tion is developed, using a model in which such correlations are generated by two sequential
2N short range correlations as it is shown in Fig. 1.8. Hence, the phenomenological knowledge
of the properties of 2N SRCs is sufficient to calculate both the 2N and 3N SRC contributions to
the model of nuclear spectral function.
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The model is assumed to be valid for nucleon momenta ks r c ≤ p ≤ 1000 MeV/c, where
ks r c is a momentum characteristic to the 2N SRC. It is sufficiently large that 2N SRCs can be
factorized from residual mean field interaction. As a result the model will have limited validity
in the transitional region of kF ≤ p < ks r c where the role of the long-range correlations are
more relevant.
1.3.3 Phenomenology of two nucleon short-range correlations in nuclei
High energy semi-inclusive experiments [85, 90] probed for the first time the isospin compo-
sition of 2N SRCs, observing strong (by factor of 20) dominance of the pn SRCs in nuclei, as
compared to the pp and nn correlations, for internal momentum range of∼ 250−650 MeV/c .
The experimental results are understood by considering the dominance of the tensor forces in
the NN interaction at the momentum range corresponding to the average nucleon separations
of∼ 1.1 fm [82,85]. The tensor interaction projects the NN SRC part of the wave function to the
isosinglet - relative angular momentum, L = 2, state, almost identical to the high momentum
part of the D -wave component of the deuteron wave function. As a result pp and nn com-
ponents of the NN SRC are strongly suppressed since they are dominated by the central NN
potential with relative angular momentum L = 0 [33, 60, 86] .
On the basis of the above observation of the strong dominance of pn SRCs, it was pre-
dicted that single proton or neutron momentum distributions in the 2N SRC domain are in-
versely proportional to their relative fractions in nuclei [104, 112]. The prediction is in agree-
ment with the results of variational Monte-Carlo calculation of momentum distributions of
light nuclei [120] as well as for medium to heavy nuclei following the SRC model calculations
of Ref. [124]. The recent finding of the pn dominance in heavy nuclei (up to 208Pb) [119] val-
idates the universality of the above prediction for the whole spectrum of atomic nuclei. The
inverse proportionality of the high momentum component to the relative fraction of the pro-
ton or neutron is important for asymmetric nuclei and they need to be included in the modeling
of nuclear spectral functions in the 2N SRC region.
The pn dominance in the SRC region and its relation to the high momentum part of the
deuteron wave function makes the studies of the deuteron structure at large internal momenta
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a very important part for the SRC studies in nuclei. In this respect, the recent experiments
[96, 127] and planned new measurements [115] of high energy exclusive electro-disintegration
of the deuteron opens up new possibilities in the extraction of the deuteron momentum dis-
tribution at very large momenta. The measured distributions can then be utilized in the calcu-
lation of the nuclear spectral functions in the multi-nucleon SRC region.
Finally, another progress relevant to the SRC studies was the extraction of the center of
mass momentum distribution of 2N SRCs from the data on triple coincidence scattering in
A(p ,ppn )X [79] and A(e ,e ′,pn )X [87, 121] reactions. The Gaussian form and the width of the
extracted distributions were in a good agreement with the predictions made in Ref. [52], which
were based on the estimate of the mean kinetic energy of the NN pair in shell-model description
of nuclei. Similar results have been also obtained within the correlated wave function method
of Ref. [122].
1.4 Nuclear spectral function model
The above discussed phenomenology will provide the necessary empirical input for modeling
nuclear spectral functions in the SRC region. The model for high momentum nuclear spectral
function, developed in chapter 2 of this dissertation, have two regions determined by the range
of momentum considered. For momenta below the Fermi momentum, kF , a mean field spec-
tral function is constructed by using a nonrelativistic approach to estimate the ground state
wave functions [80]. For momenta above 400 MeV, a relativistic multi-nucleon short range cor-
relation model of the spectral function is obtained, which describes the high momentum and
high missing energy of two and three nucleons in short range correlations (2N and 3N SRC), for
symmetric and asymmetric nuclei.
Since the domain of multi-nucleon SRCs is characterized by the relativistic momenta of
the probed nucleon, special care should be given to the treatment of relativistic effects. To iden-
tify the relativistic effects, in Sec.2, the nuclear spectral function is defined as a quantity which
is extracted in the semi-exclusive high energy process whose scattering amplitude can be de-
scribed through the covariant effective Feynman diagrams. The covariance here is important
to consistently trace the relativistic effects related to the propagation of the bound nucleon.
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Then, the part of the covariant diagram which reproduces the nuclear spectral function is pre-
cisely identified. Two approaches are adopted for modeling the nuclear spectral function: vir-
tual nucleon and light-front approximations, general features of which are described in Sec.2.1.
Section 2.2 outlines the calculation of nuclear spectral functions using the effective Feynman
diagrammatic method, identifying the diagrams corresponding to the mean field, 2N SRC with
center of mass motion and 3N SRC contributions.In Secs.2.3 and 2.4, the detailed derivation
of the nuclear spectral functions within the virtual nucleon and the light-front approximations
are presented.
Chapters 3 and 4 are dedicated to the development of computational models to evaluate
nuclear spectral functions, density matrices and momentum distributions for a wide range of
light and heavy nuclei. The results of the spectral function models will be compared with ab
initio, nonrelativistic quantum Monte Carlo calculations (QMC) (for A ≤ 11) [51, 67, 71, 120].
The values of a2 and a3 are also predicted, which represent the probability of having 2N and
3N SRCs in the nuclear ground state wave function, respectively.
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CHAPTER 2
Multinucleon short-range correlation model for nuclear spectral functions: Theo-
retical framework
The definition of nuclear spectral functions used in the present dissertation is derived by iden-
tifying a nuclear “observable" which can be extracted from the cross section of the large mo-
mentum (nucleon mass) transfer semi-inclusive h + A→ h ′ +N + (A − 1)∗ reaction in which
the N can be unambiguously identified as a struck nucleon carrying almost all the energy and
momentum transferred to the nucleus by the probe h . The reaction is specifically chosen to be
semi-inclusive so that it allows, in the approximation in which no final state interactions are
considered, to relate the missing momentum and energy of the reaction to the properties of
bound nucleon in the nucleus. When those conditions are satisfied the extracted “observable",
referred to as a nuclear spectral function, represents a joint probability of finding a bound nu-
cleon in the nucleus with given missing momentum p and removal energy Em .
The models of nuclear spectral functions developed in the present dissertation must be
relativistic, since they will be used to describe bound nucleons with high momenta and high re-
moval energies. The relativistic effects are accounted for by using effective Feynman diagram-
matic approaches similar to those developed in Refs. [53, 61, 68, 81]. One problem associated
with the relativistic domain is the existence of vacuum fluctuations that implies the existence
of negative energy components which are not related to the probability amplitude of finding
a nucleon with a given momentum in the nucleus, and therefore, are not components of the
nuclear spectral function.
Chapter 2 is organized as follows. The two approaches to deal with vacuum fluctuations:
virtual nucleon (VN) and light-front (LF) approximations are described in section 2.1. Section
2.2 outlines the modeling of nuclear spectral functions using the effective Feynman diagram-
matic method, identifying the diagrams and the corresponding amplitudes which represent
partial contributions to the total amplitude by nucleons in the nuclear mean field, in two nu-
cleons short-range correlation with center of mass motion, and in three nucleons short-range
correlation. The steps for the calculation of the models of the nuclear spectral function are
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also defined in section 2.2. Sections 2.3 and 2.4 include the detailed derivations of the mod-
els of nuclear spectral functions within the virtual nucleon and the light-front approximations
respectively. Section 2.5 summarizes the results of the chapter.
2.1 Approaches to deal with vacuum fluctuations
The vacuum fluctuations are a purely relativistic phenomena associated with the existence of
particles and antiparticles that can pop out from the vacuum and then disappear into it. The
notion of the antiparticle was first proposed by Dirac in 1932 to explain the solutions of the
Klein-Gordon equation with negative energies. The positron was predicted as the antiparticle
of the electron with a positive charge and a negative energy.
Stuckelberg in 1941 and Feynman in 1948 proposed that a negative energy solution de-
scribes a particle which propagates backward in time, or equivalently a positive energy antipar-
ticle propagating forward in time. This concept was incorporated in the Feynman diagrams, a
very powerful method of calculation in quantum field theory. With the help of Feynman dia-
grams it is possible to show that, for certain time ordering of process, a pair particle- antiparticle
may appear spontaneously from the vacuum, and unless there is some external energy carried
by a probe, the pair will disappear back into it [40].
The models, developed in the present dissertation, for relativistic nuclear spectral func-
tions are derived from an effective Feynman diagrammatic approach for calculation of the
h + A → h ′ +N + (A − 1)∗ reactions (Fig.2.1) derived in Refs. [53, 61, 68]. In the approach the
covariant Feynman scattering amplitude is expressed through the effective nuclear vertices,
vertices which are related to the scattering of the probe h with the bound nucleon, as well as
vertices related to the final state of the reaction.
The nuclear vertices related with the bound nucleon can not be associated a priori with
the single nucleon wave function of the nucleus, since they contain negative energy compo-
nents which are related to the vacuum fluctuations rather than the probability amplitude of
finding nucleon with given momentum in the nucleus. The problem of vacuum fluctuations is
illustrated in the diagrammatic representation of the reaction shown in Fig. 2.1, in which the
covariant diagram (a) is a sum of two non-covariant time ordered scattering diagrams (b) and
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Figure 2.1: Representation of the covariant Feynman amplitude through the sum of the time
ordered amplitudes. Panel (b) corresponds to the scenario in which first, the bound nucleon
is resolved in the nucleus which interacts with the incoming probe h . In panel (c), initially, the
incoming probe produces a N¯ N , anti-nucleon and nucleon pair, with subsequent absorption
of the N¯ anti-nucleon in the nucleus.
(c). Here, for the calculation of the Lorentz invariant amplitude of Fig. 2.1(a), the Feynman dia-
grammatic rules (given in Ref. [68]) can be applied. However the nuclear spectral function can
only be formulated for the diagram of Fig. 2.1(b), where the time ordering is such that it first
exposes the nucleus as being composed of a bound nucleon and residual nucleus, followed
by an interaction of the incoming probe h off the bound nucleon. The other time ordering
[Fig. 2.1(c)] presents a very different scenario of the scattering in which the probe produces a
N¯ N , anti-nucleon and nucleon pair with subsequent absorption of the N¯ anti-nucleon in the
nucleus. The later is usually referred to as a Z -graph and is not related to the nuclear spectral
function. It is worth noting that theZ -graph contribution is a purely relativistic effect and does
not appear in the non-relativistic formulation of the nuclear spectral function. The Z -graph
contribution however increases with an increase of the momentum of the bound nucleon [see
e.g. Ref. [36]].
The above discussion indicates that while defining the nuclear spectral function is straight-
forward in the non-relativistic domain (no Z -graph contribution), its definition becomes in-
creasingly ambiguous with an increase of the momentum of the bound nucleon. The ambigu-
ity is reflected in the lack of uniqueness in defining the nuclear spectral function in the domain
where it is expected to probe SRCs inside the nucleus.
In the present dissertation two approaches are considered to deal with the vacuum fluc-
tuations, so that a unique definition of the nuclear spectral function from the covariant scat-
tering amplitude is obtained. In the first approach, referred to as the virtual nucleon (VN)
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approximation, the Z -graph contribution is neglected [93, 98]. In the second approach, re-
ferred to as the light front (LF) approximation, the Z -graph contribution is kinematically sup-
pressed [25, 36, 46, 66].
2.1.1 Virtual nucleon (VN) approximation approach
In the virtual nucleon (VN) approximation approach, the Z -graph contribution is neglected
by considering only the positive energy pole for the bound nucleon propagator in the nucleus.
The energy and momentum conservation in the VN approach requires the interacting nucleon
to be virtual which renders certain ambiguity in treating the propagator of the bound nucleon.
The ambiguity is solved by recovering the energy and momentum of the interacting nucleon
from kinematic parameters of on-shell spectators [see Ref. [37] for general discussion of the
spectator model of relativistic bound states].
The advantage of the VN approximation is that the spectral function is expressed through
the nuclear wave function defined in the rest frame of the nucleus which in principle can be
calculated using conventional NN potentials.
One shortcoming of the VN approximation is that while it satisfies the baryonic number
conservation law, the momentum sum rule is not satisfied reflecting the virtual nature of the
probed nucleon in the nucleus.
2.1.2 Light-front (LF) approximation approach
The light-front representation of the space-time was first proposed by Dirac [10] as a form of rel-
ativistic Hamiltonian dynamics. The three forms of Hamiltonian dynamics described by Dirac
were: the instant form, the front form, and the point form. These forms differ in the hyper-
sphere on which the fields are analyzed [62]. In the front form the hypersphere is a plane tan-
gent to the light-cone, that is the three-dimensional surface in space-time formed by a plane
wave frame advancing with the velocity of light, such a surface was called a front by Dirac.
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The space-time coordinates in the light-front are defined as [62, 63]:
Lorentz Vectors: The contravariant four-vectors of position xµ are written as
xµ = (x+, x−, x 1, x 2) = (x+, x−, x⊥). (2.1)
Its time-like and space-like components are related to the instant form by:
x+ = x 0 + x 3,
x− = x 0− x 3, (2.2)
respectively, and referred to as the light-front time and light-front longitudinal position. The
null plane is defined by x+ = 0, that is, this condition defines the hyperplane that is tangent to
the light-cone. The initial boundary conditions for the dynamics in the light-front are defined
on this hyperplane. The axis x+ is perpendicular to the plane x+= 0. Therefore a displacement
of such hyperplane for x+ > 0 is analogous to the displacement of a plane in t = 0 to t > 0 of
the four-dimensional space-time. With this analogy, x+ is recognized as the time in the light-
front, or equivalently, as the light-front time τ = x 0 + x 3. The contravariant four-vectors of
momentum pµ are written as
pµ = (p+,p−,p 1,p 2) = (p+,p−, p⊥). (2.3)
Its time-like and space-like components are related to the instant form by:
p+ = p 0 +p 3,
p− = p 0−p 3. (2.4)
The scalar product between two 4-vectors is defined by:
xp = xµpµ = x
+p+ + x
−p−+ x 1p1 + x 2p2 =
1
2
(x+p−+ x−p+)−x⊥p⊥. (2.5)
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if x = p , then the following very useful relation is obtained:
p+ =
M 2 +p2⊥
p− , (2.6)
where M is the mass of the particle with momentum p .
The four-dimensional phase space differential element is defined as
d 4x = d x 0d 2x⊥d x 3 =
1
2
d x+d x−d 2x⊥. (2.7)
In the light-front (LF) approximation the nuclear spectral function is defined on the light
front which corresponds to a reference frame in which the nucleus has infinite momentum.
Weinberg [25] showed that in the infinite momentum frame all diagrams with negative energy,
like the the Z -graph, are kinematically suppressed. Then, as a result, the invariant sum of the
two light-cone time ordered amplitudes in Fig. 2.1 is equal to only the contribution from the
graph of Fig. 2.1 (b). Therefore, the boost invariant LF nuclear spectral function defines the
joint probability of finding a nucleon in the nucleus with given light-front momentum fraction,
transverse momentum, and invariant mass [58].
It is worth noting that the LF approximation satisfies the baryonic conservation law, as
well as the momentum sum rules, thus providing a better framework for studies of the effects
associated with the nuclear medium modification of interacting particles.
The LF approach developed in the present dissertation is field-theoretical, that is the
Feynman diagrams are constructed with effective interaction vertices and the spectral func-
tions are extracted from the imaginary part of the covariant forward scattering nuclear am-
plitude. Another approach, in LF approximation, is the construction of the nuclear spectral
function based on the relativistic Hamiltonian dynamics representing the interaction of fixed
number on-mass shell constituents [132].
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2.2 Diagrammatic approach for modeling nuclear spectral functions
The application of the Feynman diagrammatic rules of Ref. [68] to obtain the mathematical
model of nuclear spectral functions starts by identifying the effective interaction vertices Vˆ
shown in Fig. 2.2, such that the imaginary part of the covariant forward scattering nuclear
amplitude will reduce to the nuclear spectral function either in VN or LF approximations. The
specific form of the vertices can be established by considering the amplitude of Fig. 2.1(b),
taking into account the kinematics of the mean field, the 2N, and the 3N SRC scattering within
VN and LF approximations, and with subsequent factorization of the scattering factors related
to the external probe h . As a result the Vˆ vertices will be different for mean field, 2N, and 3N
SRCs. They will also depend on the VN or the LF approximations used to calculate the scattering
amplitude.
In applying the diagrammatic approach, the forward nuclear scattering amplitude A can
be expressed as a sum of the mean field and the multinucleon SRC contributions as presented
in Fig. 2.2, with (a), (b), and (c) corresponding to the contributions from nucleons in the nuclear
mean-field, and from the 2N and the 3N short-range correlations respectively:
A = AMF +A2N +A3N , (2.8)
where AMF , A2N , and A3N correspond to the contributions from the diagrams of Fig. 2.2 (a)-
2.2(c) respectively.
Since the mean field contribution is dominated by the momenta of interacting nucleon
below the characteristic Fermi momentum, kF , it is valid to approximate the corresponding
nuclear spectral function to the result following from nonrelativistic calculation. Hence, both
the VN and the LF approximations are expected to give very close results.
For the 2N and 3N SRCs, the momenta of probed nucleon is in the range kF < p ≤ 600−
1000 MeV/c and the nonrelativistic approximation is increasingly invalid.
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Figure 2.2: Expansion of the nuclear spectral function into the contributions of the mean field
(a), the 2N (b) and the 3N (c) SRCs. For each case the initial nuclear transition vertices are
different, corresponding to transition of A→N ,A−1; A→NN ,A−1 and A→NNN ,A−3 for
the mean field, the 2N and the 3N SRCs respectively. The NN (b) and NNN (c) labels identify
the 2N and the 3N SRCs with effective vertices elaborated in the text.
2.2.1 Covariant amplitude for a nucleon in the nuclear mean field
In the mean field approximation, the bound nucleon interacts with the nuclear mean field in-
duced by the A−1 nuclear residual system. In such approximation, the nuclear spectral func-
tion corresponds to a configuration in which the residual nuclear system is identified as a co-
herent A−1 state with excitation energy in the order of tens of MeV.
Applying the effective Feynman rules [68] to the diagram of Fig. 2.2(a) corresponding to
the mean field contribution of nuclear spectral function, the following covariant amplitude is
obtained:
ImAMF = Im
∫
χ sA ,†A Γ
†
A→N ,A−1
p/1 +MN
p 21 −M 2N VˆMF
p/1 +MN
p 21 −M 2N

GA−1(pA−1,α)
p 2A−1−M 2A−1 + i"
on
× ΓA→N ,A−1χ sAA dp
0
A−1
i (2pi)
d 3pA−1
(2pi)3
, (2.9)
where MN and MA−1 are the masses of the nucleon and of the A − 1 nuclear residual system
respectively, χA is the nuclear spin wave function, ΓA→N ,A−1 represents the covariant vertex of
the A → N + (A − 1) transition, GA−1 describes the propagation of the A − 1 nuclear residual
system in the intermediate state having an excitation α. Following the effective Feynman rules
[68], the propagator of the form (p 2A−1 −M 2A−1 + i")−1 and a factor (2pi)−4 have been assigned
to the spectator A − 1. The label [· · · ]on indicates that the cut diagram is estimated so that the
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residual nuclear system is on mass shell. The abbreviated notation p/1 = γµpµ, where γµ are the
Dirac γmatrices, has been used [40]
2.2.2 Covariant amplitude for two nucleons in short-range correlation
For two-nucleons in short-range correlation, it is assumed that the intermediate nuclear state
consists of two correlated fast (> kF ) nucleons and a slow (< kF ) coherent A−2 nuclear residual
system.
Applying the effective Feynman rules [68] to the diagram of Fig. 2.2(b) corresponding
to the 2N SRC contribution of nuclear spectral function, the following covariant amplitude is
obtained:
ImA2N =
Im
∫
χ sA ,†A Γ
†
A→NN ,A−2
G (pNN , sNN )
p 2NN −M 2NN Γ
†
NN→N ,N
p/1 +MN
p 21 −M 2N Vˆ2N
p/1 +MN
p 21 −M 2N

p/2 +MN
p 22 −M 2N + i"
on
× ΓNN→N ,N G (pNN , sNN )
p 2NN −M 2NN

GA−2(pA−2, sA−2)
p 2A−2−M 2A−2 + i"
on
ΓA→NN ,A−2χ sAA
× dp
0
2
i (2pi)
d 3p2
(2pi)3
dp 0A−2
i (2pi)
d 3pA−2
(2pi)3
, (2.10)
where MNN is the mass of the 2N SRC system, ΓA→NN ,A−2 now describes the transition of the
nucleus A to the NN SRC and coherent A − 2 nuclear residual state, while the ΓNN→N ,N ver-
tex describes the short range NN interaction that generates two-nucleon correlation in the
nuclear spectral function.
2.2.3 Covariant amplitude for three nucleons in short-range correlation
The nuclear spectral function that results from 3N short-range correlations is described in Fig.
2.2(c) in which the intermediate state consists of three fast (> kF ) nucleons and a slow (< kF )
coherent A−3 nuclear residual system.
The dynamics of the 3N SRCs allow more complex interactions than that of the 2N SRCs.
One of the complexities is the irreducible three-nucleon forces that can not be described by the
NN interaction only. Such interactions may contain inelastic transitions such as theNN →N∆
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interaction. Some studies demonstrated [82] that irreducible three-nucleon forces predomi-
nantly contribute at very large magnitudes of missing energy characteristic to the∆ excitations
∼ 300 MeV/c . Thus for nuclear spectral functions for which the missing energy does not exceed
the ∆ resonance threshold ∼M∆−MN , only the contributions of the NN →NN interactions
need to be considered.
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Figure 2.3: Diagram corresponding to the 3N SRC contribution to the nuclear spectral func-
tions.
In the two sequential NN short-range interaction scenario for the generation of 3N SRCs,
the spectral function can be represented through the diagram of Fig. 2.3, where it is assumed
that the contribution of the low momentum A − 3 nuclear residual system is negligible. The
assumption results from the fact that a much larger momenta are involved in the 3N SRCs as
compared to the momenta in the 2N SRCs discussed in the previous section. As a result the
effects due to the center of mass motion of the A−3 system can be safely neglected.
In the collinear approximation, the initial three collinear nucleons undergo two short-
range NN interactions generating one nucleon with much larger momenta than the other two.
It is assumed that the momentum fraction of the 3N SRCs carried by each initial nucleon is
unity and that their total transverse momenta is neglected [see Eq. (2.113)]. Within the VN ap-
proximation, the collinear approximation assumes that the initial total momentum of the three
nucleons is much smaller than ks r c -momenta characteristic to NN SRC- and therefore can be
neglected (k1 +k2 +k3 = 0). The collinear approximation is commonly used in the calculation
of the quark structure function of the nucleon in the valence quark region. Hence the calcula-
tions in the present dissertation for the LF approximation are analytically similar to the QCD
calculation of the nucleon structure function.
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Applying the effective Feynman rules [68] to the diagram of Fig. 2.3 corresponding to
the 3N SRC contribution of the nuclear spectral function, the following covariant amplitude is
obtained:
ImA3N = Im
∫
u¯ (k1,λ1)u¯ (k2,λ2)u¯ (k3,λ3)Γ
†
NN→N ,N
p/2′ +MN
p 22′ −M 2N Γ
†
NN→N ,N
p/1 +MN
p 21 −M 2N Vˆ3N
p/1 +MN
p 21 −M 2N
×

p/2 +MN
p 22 −M 2N + i"
on
ΓNN→N ,N
p/2′ +MN
p 22′ −M 2N

p/3 +MN
p 23 −M 2N + i"
on
ΓNN→N ,N
× u (k1,λ1)u (k2,λ2)u (k3,λ3) dp
0
2
i (2pi)
d 3p2
(2pi)3
dp 03
i (2pi)
d 3p3
(2pi)4
, (2.11)
where “2′" labels the intermediate state of the nucleon 2 after the first short-range NN interac-
tion, λi is the spin of the i th nucleon and the ΓNN→N ,N is the same short range NN interaction
vertex included in Eq. (2.10).
Note that there are several other 3N SRC diagrams which differ from that of Fig. 2.3 by
the ordering of the two sequential NN short range interactions. In collinear approximation
these diagrams result in the same analytic form both in VN and LF approximations (see, e.g.,
Ref. [125]), thus their contribution can be absorbed in the definition of the parameter nN3N [see
Eq. (2.48)], which defines the contribution of the norm of the 3N SRCs to the total normalization
of the nuclear spectral function.
2.2.4 Models calculation of nuclear spectral functions
The first step to calculate the nuclear spectral functions from the forward scattering amplitudes
given by Eqs. (2.9)-(2.11) is to define the effective vertices Vˆ which identify the bound nucleon
in the mean field, in the 2N or in the 3N SRCs, as well as to define the poles at which the cut
propagators of the intermediate states are estimated. Both will depend on the approach used
to deal with vacuum fluctuations, that is virtual nucleon or light-front approximation.
After the vertex definition, the effective Feynman rules [68] are applied to the covariant
forward scattering amplitudes corresponding to the mean field, the two-, or the three-nucleon
SRC contributions (Fig. 2.2) separately. Within the VN or the LF approximation, the loop-
integrals are calculated through the on-mass shell conditions of intermediate states, by inte-
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gration through the positive poles of the cut propagators of the corresponding intermediate
states. Finally, the numerators of the propagators are estimated by using sum rules represent-
ing the completeness relation for the wave functions of the intermediate states.
The following step is the definition of transition wave functions for the nucleus to nucle-
ons and to nuclear residuals systems. Such definitions are formulated by the identification of
the interaction diagrams for the bound states with the corresponding equations for the bound
state wave function. For example in the non-relativistic limit, the interaction diagrams for the
bound state, calculated based on the effective Feynman diagrammatic rules, are identified with
the Lippmann-Schwinger equation [27, 30] in the non-relativistic limit. In the relativistic case,
similar identifications are made with the Bethe-Salpeter type [12,37] (for VN approximation) or
the Weinberg type [25] (for LF approximation) equations for the relativistic bound state wave
function.
Finally, the mathematical models for the SRC nuclear spectral functions are simplified by
introducing effective momentum distributions for 2N SRC which are function of the deuteron
momentum distribution, as well as approximate Gaussian distribution models for the center
of mass motion of the 2N SRC. For the mean field nuclear spectral functions, a nonrelativistic
approximation obtained from the conventional mean field calculations for a single nucleon is
applied.
2.3 Nuclear spectral function in virtual nucleon approximation
The main assumptions of the model for nuclear spectral function in virtual nucleon approx-
imation are that the nucleus is in the laboratory frame, the interacting bound nucleon is de-
scribed as a virtual particle, and the spectators are put on their mass-shells.
The nuclear spectral function, SNA (p,Em ), in virtual nucleon approximation is defined as
the joint probability of finding a nucleon in the nucleus with momentum p and removal energy
Em . The conventional definition of the removal energy is
Em = EA−1 +MN −MA − p
2
2MA−1
, (2.12)
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where EA−1 and MA−1 are the energy and the mass of the A−1 residual nuclear system respec-
tively, and the nonrelativistic expression for the kinetic energy of A − 1 system is subtracted.
However, in practice the kinetic energy of the A − 1 system depends on the mean field, the
2N-SRC or the 3N- SRC picture of the nuclear wave function, hence the corresponding kinetic
energy will be accordingly defined for each particular case.
The following normalization condition for the nuclear spectral function in virtual nu-
cleon approximation is defined with base on the conservation of baryonic number of the nu-
cleus in hadron-nucleus scattering [41]:
A∑
N=1
∫
SNA (p,Em )αd
3pdEm = A, (2.13)
where α is the ratio of the flux factors of the (external probe)-(bound nucleon) and (external
probe)-(nucleus) systems, which in the high momentum limit of the probe (hadron or virtual
photon) yields
α=
EN +pz
MA/A
= A
p+
p+A
. (2.14)
Here, p+ and p+A are the light-front longitudinal momenta of the bound nucleon and of the
nucleus respectively, EN is the energy of the bound nucleon and the z direction is defined op-
posite to the direction of the incoming probe.
Following the decomposition of Fig. 2.2, the mean field, the 2N, and the 3N SRC contri-
butions to the nuclear spectral function are separately considered. In the VN approximation,
the cut diagrams of Figs. 2.2 and 2.3 will be evaluated at the positive energy poles of the specta-
tor residual system. For the mean field contribution, it corresponds to the positive energy pole
of the coherent A − 1 nuclear residual system. For the 2N SRC contribution, they correspond
to the positive energy poles of the correlated nucleon and the A − 2 nuclear residual system,
whereas for the 3N SRC contribution, they correspond to the positive energy poles of the two
correlated nucleons.
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2.3.1 Nuclear spectral function in virtual nucleon approximation for a nucleon in
the nuclear mean field
In the mean-field approximation [Fig. 2.2(a)] the missing momentum pm ≡−p1 and the miss-
ing energy Em characterizes the total momentum and the excitation energy of the A−1 residual
nuclear system. In the nuclear shell model, Em also defines the energy needed to remove the
nucleon from a particular nuclear shell. For such a situation, the energy and the momentum of
the interacting nucleon can be recovered from the kinematic parameters of the on-shell spec-
tator.
The calculation of the nuclear spectral function in virtual nucleon approximation for a
nucleon in the mean field of the A−1 residual nuclear system, starts with the following defini-
tion of the effective vertex VˆMF in the mean field covariant amplitude Eq.(2.9)
VˆMF = i a¯ (p1, s1)δ(p1 +pA−1)δ(Em −Eα)a (p1, s1), (2.15)
where Eα is the characteristic energy of the given nuclear shell, and the delta functions repre-
sent the momentum and the energy conservation in the vertex. The creation, a¯ (p1, s1), and the
annihilation, a (p1, s1), operators in Dirac space are defined in such a way that they obey the
following relation:
a (p1, s1)(p/1 +MN ) = u¯ (p1, s1) and (p/1 +MN )a¯ (p1, s1) = u (p1, s1), (2.16)
where u (p1, s1) is the spinor of the virtual nucleon.
Since in the VN approximation the vacuum fluctuations are neglected, the integral in Eq.
(2.9), needs only to be calculated through the positive energy pole of the propagator of the on-
shell A−1 residual nuclear system. Since this pole is displaced slightly below the real axis by the
infinitesimal factor i", the integral by dp 0A−1 is obtained by applying the Cauchy’s residue the-
orem to the lowest-half complex plane semicircle enclosing the displaced pole in the positive
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sense (clockwise direction), namely
∮
dp 0A−1
p 2A−1−M 2A−1 + i" =
∮
dp 0A−1
E 2A−1− (M 2A−1 +p2A−1− i") =−
2pii
2EA−1
EA−1=qM 2A−1+p2A−1 , (2.17)
where p 0A−1 = EA−1.
Let χA−1 be the the spin wave function of the on-shell A−1 residual nuclear system, then
the numerator of the propagator in Eq. (2.9), can be expressed by the following sum rule rep-
resenting the completeness relation for the wave function:
GA−1(pA−1,α) =
∑
sA−1
χA−1(pA−1, sA−1,Eα)χ†A−1(pA−1, sA−1,Eα). (2.18)
It is important to note that in the relativistic treatment, the spin wave functions are momentum
dependent as it is indicated in the argument of χA−1. Such a momentum dependence is also
accounted for the spin wave function of other particles discussed in the present dissertation.
The definition of the vertex (2.15) follows the convention (see, e.g., Ref. [62]) for which
the annihilation operator projects the nucleon propagator to the positive energy state, and the
nuclear transition vertex produces the Fock component of the nuclear wave function. Note
that the above definition is different from the conventional definition (see e.g. Ref. [128]) in
which the annihilation operator acts over the nuclear wave function to produce nucleon-hole
states. However the final results in both approaches are similar in the nonrelativistic limit.
Hence, using the above convention and from Eqs. (2.16)- (2.18), the single nucleon wave
function,ψN /A , for the given nuclear shell Eα is defined as
ψsAN /A(p1, s1,pA−1, sA−1,Eα) =
u¯ (p1, s1)χ
†
A−1(pA−1, sA−1,Eα)ΓA→N ,A−1χ
sA
A
(M 2N −p 21 )
p
(2pi)32EA−1
. (2.19)
Inserting the above wave function and the mean field vertex (2.15) into Eq.(2.9), and summing
over all possible nuclear shells, α, and spin projection, s1 and sA−1, gives the following expres-
sion for the nuclear spectral function in virtual nucleon approximation for a nucleon in the
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mean field
SNA,MF (p1,Em ) =
∑
α
∑
s1,sA−1
∫
|ψsAN /A(p1, s1,pA−1, sA−1,Eα) |2 δ(Em −Eα)δ3(p1 +pA−1)d 3pA−1,
(2.20)
which defines the joint probability of finding a nucleon in the mean field of the nucleus with
momentum p1 and removal energy Em .
Integration of Eq. (2.20) over d 3pA−1 and through the delta function, δ3(p1+pA−1) , yields
SNA,MF (p1,Em ) =
∑
α
∑
s1,sA−1
|ψsAN /A(p1, s1,pA−1, sA−1,Eα) |2 δ(Em −Eα). (2.21)
In order to obtain numerical estimates of the nuclear spectral function (2.21), it is im-
portant to consider that in the mean field approximation, the substantial strength of the wave
functionψsAN /A comes from the momentum range p1 ≤ kF . Hence, the nonrelativistic approx-
imation is valid, so that the mean field wave function (2.19) can be approximated by the non-
relativistic wave function obtained from the conventional mean field calculations of the single
nucleon wave functions.
Additionally, in the nonrelativistic limit α≈ 1+ p1,zMA/A , and, in Eq.(2.13), the p1,zMA/A part does
not contribute to the integral, resulting in the condition for the nonrelativistic normalization:
∫
SNA,MF (p,Em )dEmd
3p = nNMF , (2.22)
where nNMF is the mean field contribution to the total normalization of the nuclear spectral
function.
2.3.2 Nuclear spectral function in virtual nucleon approximation for two nucleons
in short-range correlation
The calculation of the nuclear spectral function in virtual nucleon approximation for two nu-
cleons in short-range correlation, starts with the definition of the removal energy E 2Nm for the
2N SRC in which the correlated NN pair has a total momentum pNN = p1 +p2 = −pA−2, in the
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mean field of the A−2 residual nuclear system. The magnitude of E 2Nm is therefore defined as
E 2Nm = E
(2)
t hr +TA−2 +T2−TA−1 = E (2)t hr +
p2A−2
2MA−2
+T2− p
2
1
2MA−1
, (2.23)
where E (2)t hr is the threshold energy needed to remove two nucleons from the nucleus, with an
approximated value of E (2)t hr ≈ 2MN +MA−2 −MA . Furthermore, TA−1 and TA−2 are the nonrel-
ativistic kinetic energies of the A − 1 and the A − 2 residual nuclear systems respectively, and
T2 is the relativistic kinetic energy of the correlated nucleon 2. The expression for TA−1 follows
from the fact that in the rest frame of the nucleus p1 = −pA−1, as well as from the definition of
the removal energy in Eq. (2.12).
The effective vertex Vˆ2N in the 2N SRC covariant amplitude (2.10) is defined as
Vˆ2N = i a¯ (p1, s1)δ
3(p1 +p2 +pA−2)δ(Em −E 2Nm )a (p1, s1), (2.24)
where the creation, a¯ (p1, s1), and the annihilation, a (p1, s1), operators of the nucleon with four-
momentum p1 and spin s1 satisfy the relations of Eq. (2.16). The delta functions represent the
momentum and energy conservation in the vertex.
Similarly to the propagator integration described in section 2.3.1, the integrations by dp 02
and dp 0A−2 in Eq. (2.10) through the positive energy poles of the propagators of the on-shell
particle 2, and A−2 nuclear residual system respectively, yields
∮
dp 02
p 22 −M 2N + i" =
∮
dp 02
E 22 − (M 2N +p22− i") =−
2pii
2E2
E2=qM 2N +p22 ,∮
dp 0A−2
p 2A−2−M 2A−2 + i" =
∮
dp 0A−2
E 2A−2− (M 2A−2 +p2A−2− i") =−
2pii
2EA−2
EA−2=qM 2A−2+p2A−2 . (2.25)
Let χA−2 be the the spin wave function of the on-shell A−2 residual nuclear system, then
the numerator of its propagator in Eq. (2.10), can be expressed by the following sum rule rep-
resenting the completeness relation for the wave function:
G (pA−2, sA−2) =
∑
sA−2
χA−2(pA−2, sA−2)χ†A−2(pA−2, sA−2), (2.26)
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where sA−2 is the spin projection of the A−2 residual nuclear system. Similarly, the numerator
of the propagator for the on-shell particle 2 is given by the completeness relation
p/2 +MN =
∑
s2
u (p2, s2)u¯ (p2, s2), (2.27)
where u (p2, s2) is the spinor of particle 2 with momentum p2 and spin projection s2 [40].
It is assumed that the center of mass momentum of the 2N SRC is small compared to the
relative motions of the nucleons in this type of correlation, then the numerator of its propagator
in Eq. (2.10), can be expressed by the following sum rule representing the completeness relation
for the wave function:
G (pNN , sNN ) =
∑
sNN
χNN (pNN , sNN )χ
†
NN (pNN , sNN ), (2.28)
where χNN is the spin wave function, and sNN is the projection of the total spin of the NN
correlation with the three-momentum, pNN =−pA−2 in the rest frame of the nucleus.
Inserting Eqs. (2.16) and (2.25) -(2.28) in the covariant 2N SRC amplitude [Eq. (2.10)], and
summing over all possible spin projections s2, sA−2 and sNN , reduces the latter to the 2N SRC
part of the nuclear spectral function in VN approximation, namely:
SNA,2N (p1,Em ) =
∑
s−1,s2,sA−2,sNN ,s ′NN
∫
χ sA ,†A Γ
†
A→NN ,A−2
χNN (pNN , sNN )χ
†
NN (pNN , sNN )
p 2NN −M 2NN Γ
†
NN→N ,N
× u (p1, s1)
p 21 −M 2N δ
3(p1 +p2 +pA−2)δ(Em −E 2Nm ) u¯ (p1, s1)p 21 −M 2N
×u (p2, s2)u¯ (p2, s2)
2E2
ΓNN→N ,N
χNN (pNN , sNN )χ
†
NN (pNN , sNN )
p 2NN −M 2NN
×χA−2(pA−2, sA−2)χ
†
A−2(pA−2, sA−2)
2EA−2
ΓA→NN ,A−2χ sAA
d 3p2
(2pi)3
d 3pA−2
(2pi)3
, (2.29)
which defines the joint probability of finding a nucleon in NN SRC with momentum p1 and
removal energy Em .
The introduction of the transition wave function of the center of mass of the 2N SRC Eq.
(2.28), implies the decoupling of the slow moving center of mass of the 2N SRC from the fast
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moving relative motion of the nucleons in the correlation. Then, the 2N SRC center of mass
wave function for the transition A→ (NN ) + (A − 2) in the rest frame of the nucleus is defined
as
ψsACM (pNN , sNN ,pA−2, sA−2) =
χ†NN (pNN , sNN )χ
†
A−2(pA−2, sA−2)ΓA→NN ,A−2χ
sA
A
(M 2NN −p 2NN )
p
2EA−2(2pi)3
, (2.30)
and the wave function for the transition (NN )→N +N , that represents the relative motion of
nucleons in 2N SRC in the rest frame of the 2N SRC (see e.g. Ref. [68]), is defined as
ψsNNNN (p1, s1,p2, s2) =
u¯ (p1, s1)u¯ (p2, s2)ΓNN→N ,NχNN (pNN , sNN )
(M 2N −p 21 )
p
2E2(2pi)3
. (2.31)
inserting the above defined wave functions in the 2N SRC nuclear spectral function (2.29) yields
SNA,2N (p1,Em ) =
∑
s1,s2,sA−2,sNN ,s ′NN
∫
ψsA ,†CM (pNN , s
′
NN , sA−2)ψ
s ′NN ,†
NN (p1, s1,p2, s2)
×ψsACM (pNN , sNN , sA−2)ψsNNNN (p1, s1,p2, s2)
×δ3(p1 +p2−pNN )δ(Em −E 2Nm )d 3p2d 3pNN , (2.32)
where the relation pNN =−pA−2, in the nucleus rest frame, has been used.
The nuclear spectral function (2.32) can be integrated by d 3p2 through the δ3(p1 + p2 −
pNN ) delta function. Furthermore using the 2N SRC model in which the wave function of the
relative motion is dominated by the pn component with spin equal to 1, and with the low mo-
mentum CM wave function being in the S state, the summation by sA−2 results in δsNN ,s ′NN .
Then, the 2N SRC nuclear spectral function (2.32) can be expressed as
SNA,2N (p1,Em ) =
∑
s1,s2,sA−2,sNN
∫
|ψsACM (pNN , sNN , sA−2) |2|ψsNNNN (p1, s1,p2, s2) |2
×δ(Em −E 2Nm )d 3pNN , (2.33)
where pNN = p2 +p1.
The above expression can be represented in a more simple form by noticing that the 2N
SRC center of mass wave function (2.30) depends on the center of mass momentum, and that
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the wave function for the relative motion of nucleons in 2N SRC depends on their relative mo-
mentum. Thus, by introducing effective momentum distribution of the 2N SRC center of mass,
nCM , as well for the relative momentum of the nucleons in 2N SRC,nNN , and by summing over
the final and averaging all possible initial polarization configurations in (2.33), the following
expression is obtained for the 2N SRC nuclear spectral function
SNA,2N (p1,Em ) =
∫
nCM (pNN )nNN (pr e l )δ(Em −E 2Nm )d 3pNN , (2.34)
where prel =
p1−p2
2 .
The normalization of the 2N SRC nuclear spectral function (2.34 ) should be related to
the total probability of finding a nucleon in such a correlation, and can be defined from the
normalization condition of Eq. (2.13), namely:
∫
SNA,2N (p1,Em )α1dEmd
3p1 = n
N
2N , (2.35)
where for the 2N SRC model α ≡ α1 = MN −Em−TA−1+p1,zMA/A , and nN2N is the contribution to the total
normalization of the nuclear spectral function.
If the relative and the center of mass momentum distributions of the NN correlations are
given, the 2N SRC part of the nuclear spectral function (2.34) can be numerically calculated.
Then, since it is assumed that the center of mass momenta of the NN SRCs are small, nCM is
approximated by the distribution obtained in Ref. [52] through the overlap of two Fermi mo-
mentum distributions which results in the simple Gaussian distribution:
nCM (pNN ) =N0(A)e
−β (A)p2NN , (2.36)
normalized to unity:
∫
nCM (pNN )d 3pNN = 1. The parameter β (A) is estimated from the nu-
clear mean field distribution, while N0(A) is found from the normalization condition.
The relative momentum distribution of the NN SRC, nNN (pr e l ), can be modeled accord-
ing to Ref. [104, 112], where the high momentum strength of the nucleon momentum distri-
bution is predicted to be inverse proportional to the relative fraction of the nucleon in the
39
nucleus. Such a distribution is in agreement with the recently observed dominance of pn
SRCs [85, 90, 119] and can be expressed in the form:
nNNN (pr e l ) =
a2(A,Z )
(2xN )γ
nd (pr e l )Θ(pr e l −ks r c )
MN −Em−TA−1
MA/A
, (2.37)
where Θ is the step function; xN = N /A is the nucleon relative fraction [112], with N being
the number of protons (Z ) and neutrons (A − Z ) in the nucleus A; the parameter a2(A,Z ) is
related to the probability of finding 2N SRC in the nucleus, A, relative to the deuteron; and γ
is a free parameter γ ® 1. nd (pr e l ) is the high momentum distribution in the deuteron, and
ks r c ¦ kF is the momentum threshold at which a NN system with such relative momentum
can be considered in short-range correlation. The factor MN −Em−TA−1MA/A is the generalization of
the normalization scheme of [41]which enforces the normalization condition of Eq. (2.13). The
normalization of the above defined distribution,
∫
nNNN (p )d
3p = nN2N , defines the contribution
of the 2N SRCs to the total norm of the momentum distribution for the nucleon N .
The 2N SRC nuclear spectral function in VN approximation [Eq.(2.34)], together with the
momentum distribution for the NN SRC center of mass [Eq.(2.36)], the relative momentum
distribution of the NN SRC [Eq.(2.37)], and the normalization condition [Eq.(2.35)], constitute
the mathematical model from which the corresponding computational models and numerical
estimates are obtained in the chapters 3 and 4 of the present dissertation.
It is worth mentioning that in the non-relativistic limit, and assuming an equal 2N SRC
contributions from proton and neutron: nNNN (pr e l ) = a2(A)nd (pr e l ), the 2N SRC nuclear spec-
tral function [Eq.(2.34)] reduces to the "NN SRC-CM motion" model of Ciofi-Simula [47, 52].
2.3.3 Nuclear spectral function in virtual nucleon approximation for three nucle-
ons in short-range correlation
The calculation of the nuclear spectral function in virtual nucleon approximation for three nu-
cleons in short-range correlation, starts with the definition of the magnitude of the removal
energy E 3Nm which is calculated considering the 3N SRC model in which the recoil nuclear sys-
tem consists of two fast nucleons and a slow A − 3 residual nuclear system whose excitation
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energy is neglected. The magnitude of E 3Nm is therefore defined as
E 3Nm = E
(2)
t hr +T2 +T3−TA−1 = E (3)t hr +T3 +T2−
p21
2MA−1
, (2.38)
where E (3)t hr is the threshold energy needed to remove three nucleons from the nucleus, with an
approximated value of E (3)t hr ≈ 3MN +MA−3 −MA where MA−3 is the mass of the A − 3 residual
nuclear system. Within the considered 3N SRC model, the kinetic energy of the A − 1 residual
nuclear system is the result of the kinetic energies of the correlated spectator nucleons, T2 and
T3 which are treated relativistically. Here, as in the case of 2N SRC, the expression for the kinetic
energyTA−1 follows from the fact that in the rest frame of the nucleus p1 =−pA−1, as well as from
the definition of the missing energy in Eq. (2.12).
For the 3N SRC model in collinear approximation, the effective vertex Vˆ3N in the 3N SRC
covariant amplitude Eq. (2.11) is defined as
Vˆ3N = i a¯ (p1, s1)δ
3(p1 +p2 +p3)δ(Em −E 3Nm )a (p1, s1), (2.39)
where the creation, a¯ (p1, s1), and the annihilation, a (p1, s1), operators of a nucleon with four-
momentum p1 and spin s1 satisfy the relations of Eq. (2.16). The delta functions represent the
momentum and energy conservation in the vertex.
Similar to the propagator integration described in section 2.3.2, the integrations by dp 02
and dp 03 in Eq. (2.11), are done through the positive energy poles of the propagators of the
on-shell particles 2 and 3 yielding:
∮
dp 02
p 22 −M 2N + i" =
∮
dp 02
E 22 − (M 2N +p22− i") =−
2pii
2E2
E2=qM 2N +p22∮
dp 03
p 23 −M 2N + i" =
∮
dp 03
E 23 − (M 2N +p23− i") =−
2pii
2E3
E3=qM 2N +p23 . (2.40)
The numerator of the propagator for the on-shell particle i is defined, as in the 2N SRC case, by
p/i +MN =
∑
s i
u (pi , si )u¯ (pi , si ), (2.41)
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whereu (pi , si ) is the spinor of particle i with momentumpi and spin projection si , for i = 2, 2′, 3,
[40].
Inserting Eqs. (2.16), (2.40), and (2.41) in the covariant 3N SRC amplitude [Eq. (2.11)], and
summing over all possible spin projections s2, s2′ and s3, reduces the latter to the 3N SRC part
of the nuclear spectral function, namely:
SNA,3N (p1,Em ) =
∑
s2′ ,s˜2′ ,s2,s3
∫
u¯ (k1,λ1)u¯ (k2,λ2)u¯ (k3,λ3)Γ
†
NN→N ,N
u (p2′ , s2′ )u¯ (p2′ , s2′ )
p 22′ −M 2N
× Γ †NN→N ,N u (p1, s1)p 21 −M 2N δ
3(p1 +p2 +p3)δ(Em −E 3Nm ) u¯ (p1, s1)p 21 −M 2N
× u (p2, s2)u¯ (p2, s2)
2E2
ΓNN→N ,N
u (p2′ , s˜2′ )u¯ (p2′ , s˜2′ )
p 22′ −M 2N
u (p3, s3)u¯ (p3, s3)
2E3
× ΓNN→N ,N u (k1,λ1)u (k2,λ2)u (k3,λ3)d
3p3
(2pi)3
d 3p2
(2pi)3
, (2.42)
which defines the joint probability of finding a nucleon in 3N SRC with momentum p1 and
removal energy Em .
In analogy with Eq. (2.31), the following 2N SRC wave functions can be introduced for
the nuclear spectral function (2.42), as follows:
ψNN (p2′ , s2′ ;p3, s3;k2,λ2,k3,λ3) =
u¯ (p2′ , s2′ )u¯ (p3, s3)ΓNN→N ,N u (k2,λ2)u (k3,λ3)
(M 2N −p 22′ )
p
2E3(2pi)3
, (2.43)
ψNN (p1, s1;p2, s2;k1,λ1,p2′ , s2′ ) =
u¯ (p1, s1)u¯ (p2, s2)ΓNN→N ,N u (k1,λ1)u (p2′ , s2′ )
(M 2N −p 21 )
p
2E2(2pi)3
, (2.44)
where the wave function (2.43) represents the first 2N SRC, shown in Fig. 2.3, between particle
2 with momentum k2, and particle 3 with momentum k3, which results in particle 2
′ with mo-
mentum p2′ , and particle 3 with momentum p3. Whereas the wave function (2.44) represents
the second 2N SRC between particle 1 with momentum k1, and particle 2
′ with momentum p ′2,
which results in particle 1 with momentum p1, and particle 2 with momentum p2.
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Inserting Eqs. (2.43) and (2.44) in Eq.(2.42), the 3N SRC nuclear spectral function can be
expressed as follows:
SNA,3N (p1,Em ) =
∑
s2′ ,s˜2′ ,s2,s3
∫
ψ†NN (p1, s1,p2, s2;k1,λ1,p2′ , s2′ )ψ
†
NN (p2′ , s2′ ,p3, s3;k2,λ2,k3,λ3)
×ψNN (p1, s1;p2, s2;k1,λ1,p2′ , s2′ )ψNN (p2′ , s˜2′ ;p3, s3;k2,λ2,k3,λ3)
×δ3(p1 +p2 +p3)δ(Em −E 3Nm )d 3p3d 3p2. (2.45)
The nuclear spectral function (2.45) can be integrated by d 3p2 through the δ3(p1 + p2 +
p3) delta function. Furthermore, using the 2N SRC model in which the wave function of the
relative motion is dominated by the pn component with spin equal to 1, the summation over
the polarizations of 2 and 3 particles, s2 and s3, results in in s2 = s2′ = s˜2′ . Then, the 3N SRC
nuclear spectral function ( 2.45) can be expressed as
SNA,3N (p1,Em ) =
∑
s1,s2,s3
∫
|ψNN (p2′ , s2,p3, s3;k2,λ2,k3,λ3) |2
× |ψNN (p1, s1;p2, s2;k1,λ1,p2′ , s2) |2 δ(Em −E 3Nm )d 3p3. (2.46)
The above expression can be represented in a more simple form by noticing that the wave
function (2.43), for the first 2N SRC, depends on the relative momentum of particles 2′ and
3, and the wave function (2.44), for the second 2N SRC, depends on the relative momentum
of particles 1 and 2. Thus, by introducing effective relative momentum distribution for the
nucleons in the first and second 2N SRC, nNN , and by summing over the final and averaging
all possible initial polarization configurations in (2.46), the following simplified expression is
obtained for the 3N SRC nuclear spectral function
SNA,3N (p1,Em ) =
∫
nNN (p2′,3)nNN (p12)δ(Em −E 3Nm )d 3p3, (2.47)
where in the collinear approximation: p12 =
p1−p2
2 = p1 +
p3
2 and p2′,3 =
p2′−p3
2 ≈ −p3−p32 ≈−p3.
The normalization of the 3N SRC nuclear spectral function (2.47 ) should be related to
the total probability of finding a nucleon in such a correlation, and can be defined from the
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normalization condition of Eq. (2.13) which yields:
∫
SNA,3N (p1,Em )α1d
3p1dEm = n
N
3N , (2.48)
where αwas defined in Eq. (2.35), and nN3N is the contribution to the total normalization of the
nuclear spectral function.
Within the model ofpn dominance of two-nucleon SRCs, the 3N SRCs are predicted to be
generated predominantly through two sequential short-range pn interactions. Then, the over-
all probability of finding such correlations is predicted to be proportional to the factor a 22 (A,Z ),
where a2(A,Z ) is defined in Eq. (2.37). Then, by using relations similar to those defined in Eq.
(2.37), the following approximation is obtained for the product of the relative momentum dis-
tributions in Eq. (2.47)
nNN (p2′,3)nNN (p12) = a
2
2 (A,Z )C
N (A,Z )
nd (p2′,3)nd (p12)
MN −Em−TA−1
MA/A
Θ(p2′,3−ks r c )Θ(p12−ks r c ), (2.49)
where ks r c > kF is the relative momentum threshold at which the NN system can be consid-
ered in short-range correlation. Here C N (A,Z ) is a suppression factor which accounts for the
suppression of the 3N configurations with two identical spectators like pp and nn pairs, that
is, effects associated with the isospin structure of two-nucleon recoil system. Namely, in the
collinear approximation two recoil nucleons emerge with small relative momenta (or invari-
ant mass). In Ref. [82] it was demonstrated that the NN system with small relative momenta
is strongly dominated in the isosinglet pn channel. The dominance introduces an additional
restriction on the isospin composition of the 3N SRCs, in which the recoilNN system predom-
inately consists of a pn pair. For example, one direct consequence of such dynamics is that
high momentum neutrons in 3He nucleus can not be generated in 3N SRCs while protons can.
The 3N SRC nuclear spectral function in VN approximation [Eq.(2.47)], together with the
product of momentum distribution of the first and second NN SRC [Eq.(2.49)], and the normal-
ization condition [Eq.(2.48)], constitute the mathematical model from which the correspond-
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ing computational models and numerical estimates are obtained in the chapters 3 and 4 of the
present dissertation.
2.4 Nuclear spectral function in light-front approximation
The nuclear spectral function on the light-front (LF) was for the first time defined in Ref. [43],
however its calculation from first principles is impossible due to the lack of knowledge of the
LF nuclear wave functions. In the present dissertation, two assumptions are formulated to
calculate the LF nuclear spectral functions. The first assumption is that the nuclear mean field
contribution to the LF nuclear spectral function corresponds to the nonrelativistic limit of the
momentum and missing energy of a bound nucleon. As a result the mean field part of the
LF nuclear spectral function can be related to the mean field contribution of the conventional
nuclear spectral functions as discussed in section 2.3.1. The second assumption is that the
dynamics of the LF nuclear spectral function in the high momentum domain is mainly defined
by the pn interaction at short distances. Thus, a model for the LF deuteron wave function at
short distances is sufficient to obtain the models for the 2N and the 3N SRC LF nuclear spectral
functions.
The first step to obtain the LF nuclear spectral functions is the definition of the kinematic
parameters that characterize the bound nucleon in the light front, as well as the sum rules that
the LF nuclear spectral functions should satisfy.
In defining the LF nuclear spectral function the primary requirement is that it should
be a Lorentz boost invariant function in the direction of the large CM momentum of the nu-
cleus pA . To satisfy this condition, the bound nucleon N must be described by a light-front
"+" momentum fraction αN = A
p+N
p+A
, transverse (to pA) momentum pN,⊥ and an invariant mass
M˜ 2N = p
−
N p
+
N −p2N ,⊥.
For future derivations, it is useful to present the invariant phase space of bound nucleon,
d 4pN , as a function of the light-front variables (αN , pN ,⊥,M˜ 2N ). Thus, to calculate the Jacobian
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for the change of variables (p+N , p
−
N , pN ,⊥) to (αN ,M˜ 2N , pN ,⊥) the following derivatives are used
∂ αN
∂ p+N
=
A
p+A
,
∂ αN
∂ p−N
= 0,
∂ M˜2N
∂ p+N
= p−N ,
∂ M˜ 2N
∂ p−N
= p+N , (2.50)
hence, the Jacobian is given by
J =
∂ αN
∂ p+N
∂ M˜2N
∂ p−N
− ∂ αN
∂ p+N
∂ M˜2N
∂ p−N
−1
=
Ap+N
p+A
−1
=
1
αN
. (2.51)
Then, the invariant phase space d 4pN in the light-front can be expressed as follows:
d 4pN =
1
2
dp−N dp+N dpN⊥ =
dαN
2αN
dpN⊥dM˜ 2N . (2.52)
After identifying the kinematic variables describing the bound nucleon, the LF nuclear
spectral function, PA(αN ,pN ,⊥,M˜ 2N ), is defined as the joint probability of finding a bound nu-
cleon in the nucleus with light-front momentum fraction αN , transverse momentum pN,⊥ and
invariant mass M˜ 2N . The normalization condition for such nuclear spectral function is defined
from the requirements of the baryonic number and the total light-front momentum conserva-
tion laws [41, 43]:
A∑
N=1
∫
PNA (αN , pN ,⊥,M˜ 2N )
dαN
2αN
d 2pN ,⊥dM˜ 2N = A,
A∑
N=1
∫
αN P
N
A (αN , pN ,⊥,M˜ 2N )
dαN
2αN
d 2pN ,⊥dM˜ 2N = A, (2.53)
where the second relation is exact if it is assumed that all the momentum in the nucleus is
carried by the constituent nucleons.
The LF density matrix ρNA (αN , pN ,⊥) is defined as the joint probability of finding a bound
nucleon in the nucleus with light-front momentum fraction αN and transverse momentum
pN,⊥. Hence, the following relation between the LF nuclear spectral function and the LF density
matrix is obtained
ρNA (αN , pN ,⊥) =
∫
PNA (αN , pN ,⊥,M˜ 2N )
1
2
dM˜ 2N . (2.54)
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Then, from Eqs. (2.53) and (2.54) it follows that the normalization of the LF density matrix is
given by:
A∑
N=1
∫
ρNA (αN , pN ,⊥)
dαN
αN
d 2pN ,⊥ = A,
A∑
N=1
∫
αNρ
N
A (αN , pN ,⊥)
dαN
αN
d 2pN ,⊥ = A. (2.55)
To obtain the models of the LF nuclear spectral functions, similar to the VN approxima-
tion case, the mean field, the 2N, and the 3N SRC contributions are separately considered by
following the decomposition of Fig. 2.2. In the LF approximation, the cut diagrams of Fig.
2.2 and 2.3 will be evaluated at the positive light-front (“-" component) energy poles of the
spectator residual system. For the mean field contribution, it corresponds to the positive light-
front energy pole of the coherent A − 1 residual nuclear system. For the 2N SRC contribution,
they correspond to the positive light-front energy poles of the correlated nucleon and the A−2
residual nuclear system, whereas for the 3N SRC contribution, they correspond to the positive
light-front energy poles of the two correlated nucleons.
2.4.1 Nuclear spectral function in light-front approximation for a nucleon in the
nuclear mean field
To calculate the light-front nuclear spectral function for a nucleon in the nuclear mean field
a procedure similar to the VN approximation case may be applied. Thus, after defining the
effective vertex VˆMF in the mean field covariant amplitude Eq.(2.9), the integral of the denom-
inator of the propagator of the on-shell (A−1) residual nuclear system will be calculated. With
the result of the integration plus the definition of the numerator of the propagator of the on-
shell (A − 1) system, similar to Eq. (2.18), the mean field LF nuclear spectral function will be
expressed through the unknown light-front mean field wave function of the nucleus.
A different approach is used in the present dissertation that is developed because of the
fact that the mean field nuclear spectral function is dominating at small momenta and small
removal energies (< kF ) of the bound nucleon, for which the application of the nonrelativistic
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limit of the light-front approximation is well justified. Then, what is only needed is a relation
between the mean field LF spectral function PNA,MF (α1, p1,⊥,M˜ 2N ) and the VN approximation
mean field spectral function, SNA,MF (p,Em ) [Eq.2.21], in the nonrelativistic limit
1. The relation
between PNA,MF and S
N
A,MF can be found by using the normalization condition:∫
PNA,MF (α1, p1,⊥,M˜ 2N )
dα1
2α1
d 2p1,⊥dM˜ 2N =
∫
SNA,MF (p1,Em )dEmd
3p1 = n
N
MF , (2.56)
where nNMF is the contribution to the total normalization of the nuclear spectral function. The
Jacobian for the change of variables from the LF phase space [Eq.2.52] to the VN phase space,
dEmd
3p1, is calculated by considering that the total energy of the on-shellA−1 residual nuclear
system is given by
EA−1 =
q
M 2A−1 +p 2A−1 =MA −MN +Em + p
2
1
2M 0A−1
, (2.57)
where the last part of the equation follows from the definition of the removal energyEm [Eq.(2.12)]
which is inherently nonrelativistic. In the above expressionMA−1 is the mass of the A−1 system,
which can be in the excited state, while M 0A−1 represents the ground state mass of the residual
nucleus. The above equation results in the following expressions for α1
α1 =
Ap+1
p+A
=
A(p+A −p+A−1)
p+A
= A− EA−1 +pA−1,z
p+A
= A− EA−1−p1,z
p+A
, (2.58)
and for M˜ 2N :
M˜ 2N = p
−
1 p
+
1 −p21,⊥ = p+1

p−A −p−A−1
−p21,⊥ = p+1 M 2Ap+A −M
2
A−1 +p21,⊥
p−A−1

−p21,⊥
=
p+1
p+A

M 2A −
M 2A−1 +p21,⊥
p−A−1/p+A

−p21,⊥ = α1A

M 2A −
M 2A−1 +p21,⊥
(A−α1)/A

−p21,⊥, (2.59)
where pA,⊥ = 0, and the relation αA−1 = A−α1 has been applied.
1Note that hereafter αN and pN ,⊥ will be identified with α1 and p1,⊥ respectively, giving the subscript "1" to the
bound nucleon.
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Using Eqs. (2.58) and (2.59) yields
∂ α1
∂ p1,z
=
A
p+A

1− ∂ EA−1
∂ p1,z

=
A
p+A

M 0A−1−p1,z
M 0A−1

,
∂ α1
∂ Em
=
∂ α1
∂ EA−1
∂ EA−1
∂ Em
=− A
p+A
,
∂ M˜ 2N
∂ p1,z
=
∂ M˜ 2N
∂ α1
∂ α1
∂ p1,z
+
∂ M˜ 2N
∂M 2A−1
∂M 2A−1
∂ p1,z
=

M 0A−1−p1,z
M 0A−1

M 2A
p+A
− A2
p+A
M 2A−1 +p21,⊥
(A−α1)2

−

2α1
A−α1
 
EA−1−M 0A−1
M 0A−1

p1,z,
∂ M˜ 2N
∂ Em
=
∂ M˜ 2N
∂ α1
∂ α1
∂ Em
+
∂ M˜ 2N
∂M 2A−1
∂M 2A−1
∂ Em
=−M
2
A
p+A
+
A2
p+A
M 2A−1 +p21,⊥
(A−α1)2 −

2α1
A−α1

EA−1, (2.60)
thus the Jacobian for the change of variables (α1,M˜ 2N ) to (Em , p1,z) is given by
J =
∂ α1
∂ p1,z
∂ M˜ 2N
∂ Em
− ∂ α1
∂ Em
∂ M˜ 2N
∂ p1,z
=− 2α1
αA−1

Ap+A−1
p+A

=−2α1. (2.61)
Then
dM˜ 2N dα1 = |J |dEmdp1,z = 2α1dEmdp1,z . (2.62)
The above equation, together with Eq. (2.52), results in
d 4p1 =
dα1
2α1
d 2p1,⊥dM˜ 2N = dEmd 3p1, (2.63)
which inserted in Eq. (2.56) results in the following relation between the mean field nuclear
spectral functions PNA,MF (α1, p1,⊥,M˜ 2N ) and SNA,MF (p1,Em )
PNA,MF (α1, p1,⊥,M˜ 2N ) = SNA,MF (p1,Em ), (2.64)
where α1 and M˜
2
N are expressed through Em and p1 according to Eqs. (2.57)-(2.59). Note that
the above equation is valid for up to the overall normalization factor, since VN and LF approxi-
mations result in different normalizations for the mean field contribution to the nuclear spec-
tral function.
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2.4.2 Nuclear spectral function in light-front approximation for two nucleons in
short-range correlation
The calculation of the nuclear spectral function in light-front approximation for two nucleons
in short-range correlation starts with the definition of the effective vertex Vˆ2N in the 2N SRC
covariant amplitude (2.10) [125]:
Vˆ2N = i a¯ (p1, s1)2α
2
1δ(α1 +α2 +αA−2−A)δ2(p1,⊥+p2,⊥+pA−2,⊥)δ(M˜ 2N − M˜ (2N ),2N )a (p1, s1), (2.65)
where (α2, p2,⊥), (αA−2, pA−2,⊥) are the light-front momentum fractions and the transverse mo-
menta of the correlated second nucleon and of the A − 2 residual nuclear system respectively,
and pA,⊥ = 0. The creation, a¯ (p1, s1), and the annihilation, a (p1, s1) , operators of a nucleon with
four-momentum p1 and spin s1 satisfy the relations of Eq. (2.16). The delta functions represent
the momentum and the invariant mass conservation in the vertex.
Since in the light-front NN correlation model, the particle 2 and the A−2 residual nuclear
system are considered on light-front energy shells, the magnitude of the invariant mass M˜ (2N ),2N
is calculated as follows
M˜ (2N ),2N = p
−
1 p
+
1 −p21,⊥ = p+1 (p−A −p−2 −p−A−2)−p21,⊥
= p+1

M 2A
p+A
−M
2
N +p
2
2,⊥
p+2
−M
2
A−2 +p2A−2,⊥
p+A−2

−p21,⊥
=
p+1
p+A

M 2A −
M 2N +p
2
2⊥
p+2 /p
+
A
−M
2
A−2 +p2A−2,⊥
p+A−2/p+A

−p21⊥
=
α1
A

M 2A −A
M 2N +p
2
2,⊥
α2
−AM
2
A−2 +p2A−2,⊥
αA−2

−p21,⊥
=
α1
A
M 2A −AM 2N +

pA−2,⊥−p1,⊥
2
A−α1−αA−2 −A
M 2A−2 +p2A−2,⊥
αA−2
−p21,⊥, (2.66)
where pA−2,⊥ = p1,⊥+p2,⊥, and the z axis in the reference frame is taken in the pA direction.
Similar to the propagator integration described in section 2.3.1, the integrations by dp−2
and dp−A−2 in Eq. (2.10) are performed through the ” − ” components of the positive poles
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of the propagators of the on-shell particle 2 and the A − 2 residual nuclear system respec-
tively, provided that their ” + ” components are large and positive, so that the Z diagram in
this scheme will be suppressed by the inverse power of large ”+ ” component of the nucleon’s
four-momentum [25]. The integration by dp−2 of the propagator of particle 2 yields∮
d 4p2
p 22 −MN + i" =
∮
dp−2 dp+2 d 2p2,⊥
2

p+2 p
−
2 −p22,⊥−MN

+ i"
=
∮
dp−2 dp+2 d 2p2,⊥
2p+2

p−2 −

p22,⊥+MN

/p+2

+ i"
=−2pii dp
+
2 d
2p2,⊥
2p+2
p−2 = p22⊥+MNp+2
=−pii dα2
α2
d 2p2,⊥
p−2 = p22,⊥+MNp+2 . (2.67)
Similarly, integration by dp−A−2 in Eq.(2.10) over the positive pole of the propagator of the A−2
residual nuclear system yields
∮
d 4pA−2
p 2A−2−MA−2 + i" =
∮
d2p−A−2dp+A−2dpA−2,⊥
2

p+A−2p−A−2−p2A−2,⊥−MA−2

+ i"
=−pii dαA−2
αA−2
d 2pA−2,⊥
p−A−2= p2A−2,⊥+MA−2p+A−2 (2.68)
The above integrations project the intermediate state to the positive light-front energy state
thus excluding the contribution from the Z graph of Fig. 2.1(c). With the diminished contribu-
tion from the Z graph, the 2N SRC covariant amplitude [Eq. (2.10) ] will result in the 2N SRC
light-front spectral function, PNA,2N (α1,p1,⊥,M˜ 2N ).
As in the VN approximation, if χA−2 is the LF spin wave function of the on-shell A − 2
residual nuclear system, then the numerator of its propagator in Eq. (2.10), can be expressed
by the following sum rule representing the completeness relation for the wave function:
G (pA−2, sA−2) =
∑
sA−2
χA−2(pA−2, sA−2)χ†A−2(pA−2, sA−2), (2.69)
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where sA−2 is the spin projection of the A−2 residual nuclear system. Similarly, the numerator
of the propagator for the on-shell particle 2 is given by
p/2 +MN =
∑
s2
u (p2, s2)u¯ (p2, s2), (2.70)
where u (p2, s2) is the spinor of particle 2 with momentum p2 and spin projection s2 [40].
In the nonrelativistic limit for the center of mass motion of the 2N SRC, kCM MNN [for
kCM see Eq. (2.89) below], the propagator G (pNN , sNN ) can be approximated as
G (pNN , sNN )≈
∑
sNN
χNN (pNN , sNN )χ
†
NN (pNN , sNN ), (2.71)
where χNN is the spin wave function of the center of mass motion of the 2N SRC.
Inserting Eqs. (2.16) and (2.67) -(2.71) in the covariant 2N SRC amplitude [Eq. (2.10)], and
summing over all possible spin projections s2, sA−2 and sNN , reduces the latter to the 2N SRC
part of the nuclear spectral function in LF approximation, namely:
PNA,2N (α1, p1,⊥,M˜ 2N ) =
∑
s2,sNN ,sA−2
∫
χ sA ,†A Γ
†
A→NN ,A−2χA−2(pA−2, sA−2)
χNN (pNN , sNN )
p 2NN −M 2NN
×χ†NN (pNN , sNN )Γ †NN→NN u (p1, s1)u (p2, s2)p 21 −M 2N
×2α21δ(α1 +α2 +αA−2−A)δ2(p1,⊥+p2,⊥+pA−2,⊥)δ(M˜ 2N − M˜ (2N ),2N )
× u¯ (p1, s1)u¯ (p2, s2)
p 21 −M 2N ΓNN→N ,NχNN (pNN , sNN )
× χ
†
NN (pNN , sNN )
p 2NN −M 2NN χ
†
A−2(pA−2, sA−2)ΓA→NN ,A−2χ
sA
A
× dα2
α2
d 2p2,⊥
2(2pi)3
dαA−2
αA−2
d 2pA−2,⊥
2(2pi)3
. (2.72)
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Light-front wave function of the NN SRC
The calculation of the light-front wave function of the NN SRC is based on the consideration of
the following expression, as well as its complex conjugated form, in Eq. (2.72):
u¯ (p1, s1)u¯ (p2, s2)
p 21 −M 2N ΓNN→NNχNN (pNN , sNN ). (2.73)
On the basis of the light-front momentum and energy conservation at the ΓNN→N ,N vertex, and
on the on-shell condition of particle 2, the propagator in Eq. (2.73) can be expressed as
p 21 −M 2N = (pNN −p2)2−M 2N = (p+NN −p+2 )(p−NN −p−2 )− (pNN ,⊥−p2,⊥)2−M 2N
= (p+NN −p+2 )

p−NN −p−2 −
M 2N +p
2
1⊥
p+NN −p+2

= p+1

M 2NN +p
2
NN ,⊥
p+NN
−M
2
N +p
2
2,⊥
p+2
−M
2
N +p
2
1,⊥
p+1

=
α1
αNN
§
M 2NN +p
2
NN ,⊥− αNNα1α2

(M 2N +p
2
2,⊥)α1− (M 2N +p21,⊥)α2
ª
, (2.74)
where it has been assumed thatkCM MNN , which justifies the approximation,p−NN ≈ M
2
NN +p
2
NN ,⊥
p+NN
.
Eq. (2.74) can be further simplified by using the relationsα1+α2 =αNN and p1,⊥+p2,⊥ = pNN ,⊥,
namely
p 21 −M 2N = α1αNN

M 2NN −
α2NN
α1α2

M 2N +p
2
1,⊥+
α21
α2NN
p2NN ,⊥− 2α1αNN p1,⊥pNN ,⊥

=
α1
αNN

M 2NN −
α2NN
α1α2

M 2N +

p1⊥− α1αNN pNN ,⊥
2
.
=
α1
αNN

M 2NN − sNN

, (2.75)
where the invariant squared energy of the NN system, sNN , is given by
sNN = p
2
NN = (p1 +p2)
2 = (p+1 +p
+
2 )(p
−
1 +p
−
2 )− (p1,⊥+p+2,⊥)2
=
α2NN
α1α2

M 2N +

p1⊥− α1αNN pNN ,⊥
2
. (2.76)
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The propagator [Eq.(2.75)] can be completely expressed though the internal momenta of
the NN system by introducing the momentum fraction of the 2N SRC carried by the nucleon
1, β1, and the relative transverse momentum, k1,⊥, as follows:
β1 = 2−β2 = 2α1αNN , (2.77)
k1,⊥ = p1,⊥− β12 pNN ,⊥. (2.78)
The propagator [Eq.(2.75)] can therefore be expressed as
p 21 −M 2N = β12

M 2NN − 4β1(2−β1)

M 2N +k
2
1,⊥

, (2.79)
and the invariant squared energy sNN as
sNN =
4
β1(2−β1) (M
2
N +k
2
1,⊥) = 4(M 2N +k21), (2.80)
where the relative momentum, k1, in the NN center of mass frame, is invariant with respect
to the Lorentz boost in the pNN direction. The relative momentum k1 will be used to set a mo-
mentum scale for the 2N SRCs, requiring k1 ≥ ks r c similar to Eq. (2.37).
Inserting Eqs. (2.79) and (2.80) in Eq. (2.73) yields
u¯ (p1, s1)u¯ (p2, s2)
β1
2

M 2NN − 4β1(2−β1)

M 2N +k
2
1
ΓNN→NNχNN (pNN , sNN )
=
u¯ (p1, s1)u¯ (p2, s2)
β1
2

M 2NN −4(M 2N +k21)
ΓNN→NNχNN (pNN , sNN ). (2.81)
The expression in Eq. (2.81) can be presented in a more compact form by introducing the
light-front wave function of the NN SRC [36, 125] in the form:
ψsNNNN (β1,k1,⊥, s1, s2) =− 1p
2(2pi)3
u¯ (p1, s1)u¯ (p2, s2)ΓNN→NNχNN (pNN , sNN )
1
2 [M
2
NN −4(M 2N +k21)]
. (2.82)
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The above defined wave function results in the following expression for Eq. (2.73)
u¯ (p1, s1)u¯ (p2, s2)
p 21 −M 2N ΓNN→NNχNN (pNN , sNN ) =−
p
2(2pi)3
β1
ψsNNNN (β1, k1,⊥, s1, s2). (2.83)
Light-front wave function of the NN - (A-2) System
The light-front wave function of the NN − (A−2) system describes the motion of the center of
mass of the NN correlation. The calculation of this wave function depends on the consideration
of the following expression, as well as its complex conjugated form, in Eq. (2.72):
χ†NN (pNN , sNN )χ
†
A−2(pA−2, sA−2)
p 2NN −M 2NN ΓA→NN ,A−2χA . (2.84)
On the basis of the light-front momentum and energy conservation at the ΓA→NN ,A−2 vertex,
and on the on-shell conditions of the initial nucleus A and the A − 2 residual nuclear system,
the propagator in Eq. (2.84) can be expressed as
p 2NN −M 2NN = (pA −pA−2)2−M 2NN = (p+A −p+A−2)(p−A −p−A−2)− (pA,⊥−pA−2,⊥)2−M 2NN
= (p+A −p+A−2)

p−A −p−A−2− (pA,⊥−pA−2,⊥)
2
p+A −p+A−2 −
M 2NN
p+A −p+A−2

= p+NN

M 2A +p
2
A,⊥
p+A
−M
2
A−2 +p2A−2,⊥
p+A−2
− p
2
A,⊥−2pA,⊥pA−2,⊥+p2A−2,⊥
p+NN
−M
2
NN
p+NN

=
αNN
A

M 2A − A
2
αNN (A−αNN )
h
M 2NN +
αNN
A

M 2A−2−M 2NN

+

pNN ,⊥− αNNA pA,⊥
2i
=
αNN
A
(M 2A − sNN ,A−2), (2.85)
where the invariant squared energy sNN ,A−2, of the NN − (A−2) system is given by
sNN ,A−2 = (pNN +pA−2)2 = (p+NN +p+A−2)(p−NN +p−A−2)− (pNN ,⊥+pA−2,⊥)2
=
A2
αNN (A−αNN )
h
M 2NN +
αNN
A

M 2A−2−M 2NN

+

pNN ,⊥− αNNA pA,⊥
2i
. (2.86)
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The relative three-momentum, kCM , in the center of mass of the NN − (A − 2) system is
defined such that kCM = pNN =−pA−2, then
ENN =
q
M 2NN +k
2
CM ,
EA−2 =
q
M 2A−2 +k2CM , (2.87)
that implies that the invariant squared energy, sNN ,A−2 [Eq. (2.86)], is given by
sNN ,A−2 = (pNN +pA−2)2 = (ENN +EA−2)2 =M 2NN +2k2CM +2
q
(M 2NN +k
2
CM )(M
2
A−2 +k2CM ),
(2.88)
the magnitude of kCM is therefore given by:
kCM =
p
[sNN ,A−2− (MNN +MA−2)2][sNN ,A−2− (MNN −MA−2)2]
2
p
sNN ,A−2
, (2.89)
and the light-front momentum fraction of theNN pair, in the center of mass of theNN −(A−2)
system, by
αNN = A
p+NN
p+A
=
A(ENN +kCM ,z )
ENN +EA−2
. (2.90)
With the above definitions, similar to Eq. (2.82), the light-front wave function of theNN −
(A−2) system is defined as:
ψsACM (αNN , kNN ,⊥, sNN , sA−2) =− 1qA−2
2
1p
2(2pi)3
χ†NN (pNN , sNN )χ
†
A−2(pA−2, sA−2)ΓA→NN ,A−2χ
sA
A
2
A

M 2A − sNN ,A−2
 ,
(2.91)
where kNN ,⊥ = pNN ,⊥− αNNA pA,⊥. The coefficients in this wave function are chosen such that in
the nonrelativistic limit, kCM MNN :
ψsACM (αNN , pNN ,⊥, sNN , sA−2)≈ 2MNψNRCM (kCM ), (2.92)
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whereψNRCM (kCM ) is the nonrelativistic wave function of the center of mass of the NN − (A−2)
system.
Substituting Eqs.(2.91) and (2.85) in Eq.(2.84) yields
χ†NN (pNN , sNN )χ
†
A−2(pA−2, sA−2)
p 2NN −M 2NN ΓA→NN ,A−2χA =−
q
A−2
2
p
2(2pi)3
αNN /2
ψsACM (αNN , kNN ,⊥, sNN , sA−2).
(2.93)
2N SRC light-front nuclear spectral function
Inserting Eqs. (2.83) and (2.93) in Eq.(2.72), the following expression for the 2N SRC light-front
nuclear spectral function is obtained
PNA,2N (α1, p1,⊥,M˜ 2N ) =
A−2
2
∑
s2,sNN ,sA−2
∫
ψsA ,†CM (αNN , kNN ,⊥, sNN , sA−2)ψ
sNN ,†
NN (β1, k1,⊥, s1, s2)
×2δ(α1 +α2 +αA−2−A)δ2(p1,⊥+p2,⊥−pNN ,⊥)δ(M˜ 2N − M˜ (2N ),2N )
×ψsACM (αNN , kNN ,⊥, sNN , sA−2)ψsNNNN (β1, k1,⊥, s1, s2)
× dβ2
2−β1d
2p2,⊥
dαNN
A−αNN d
2pNN ,⊥, (2.94)
where the relations β2 = 2−β1, dβ2/β2 = dα2/α2, pNN,⊥ = −pA−2,⊥, and αA−2 = A −αNN have
been applied.
The nuclear spectral function [Eq.(2.94)] can be further simplified by introducing the spin
averaged density matrices for the relative motion in the 2N SRC [36, 125]:
ρNNN (β1, k1,⊥) =
1
2
1
2sNN +1
∑
sNN ,s1,s2
|ψsNNNN (β1, k1,⊥, s1, s2) |2
2−β1 , (2.95)
and for the center of mass motion of the 2N SRC:
ρCM (αNN , kNN ,⊥) =
1
2
A−2
2sA +1
∑
sNN ,sA−2
|ψsACM (αNN , kNN ,⊥, sNN , sA−2) |2
A−αNN . (2.96)
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With the above definitions, the 2N SRC light-front nuclear spectral function is given by
PNA,2N (α1, p1,⊥,M˜ 2N ) =
1
2
∫
ρNNN (β1, k1,⊥)ρCM (αNN , kNN ,⊥)2δ(α1 +α2−αNN )
δ2(p1,⊥+p2,⊥−pNN ,⊥)δ(M˜ 2N − M˜ (2N ),2N )dβ2d 2p2,⊥dαNN d 2pNN ,⊥. (2.97)
The normalization conditions for the above introduced density matrices are defined from
the sum-rule conditions of Eqs. (2.53) and (2.55). For the density matrices of NN SRC, ρNNN ,
the normalization conditions to satisfy the baryonic and momentum sum rules [36] yields
∫
ρNNN (β , k⊥)
dβ
β
d 2k⊥ =
∫
ρNNN (β , k⊥)β
dβ
β
d 2k⊥ = nN2N , (2.98)
where nN2N is the contribution to the total norm of the spectral function. Similar to Eq.(2.37),
the light-front density matrix, ρNNN , can be modeled through the high momentum part of the
light-front density matrix of the deuteron ρd (β1,k1,⊥) in the form
ρNNN (β1, k1,⊥) =
a2(A,Z )
(2xN )γ
ρd (β1, k1,⊥)Θ(k1−ks r c ), (2.99)
where k1 is defined in Eq. (2.80), and a2(A,Z ) in Eq. (2.37). A model for the deuteron density
matrix ρd is given in Eq. (3.37).
For the light-front density matrix, ρCM , the conditions of Eq. (2.53) require the following nor-
malization relations:
∫
ρCM (αNN , kNN ,⊥)
dαNN
αNN
d 2kNN ,⊥ = 1, (2.100)
∫
ρCM (αNN ,kNN ,⊥)αNN
dαNN
αNN
d 2kNN ,⊥ = 2. (2.101)
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Since in the considered 2N SRC model the CM motion is nonrelativistic (kNN  2MN ), the
momentum distribution ρCM can be approximated as
ρCM (αNN , kNN ,⊥) =
ENN EA−2
(ENN +EA−2)/A
nCM (kCM )
A−αNN ≈ 2MN nCM (kCM ), (2.102)
where nCM is defined in Eq. (2.36). Then, for the “middle" form of (2.102), the normalization
condition of Eq. (2.100) is exact, while Eq. (2.101) is exact only in the non-relativistic limit.
The 2N SRC nuclear spectral function in LF approximation [Eq.(2.97)], together with the
density matrix for the 2N SRC center of mass [Eq.(2.102)], the density matrix for the relative
motion in the 2N SRC [Eq.(2.99)], and the normalization conditions [Eq.(2.98)], [Eq.(2.100)] and
[Eq.(2.101)], constitute the mathematical model from which the corresponding computational
models and numerical estimates are obtained in the chapters 3 and 4 of the present disserta-
tion.
Finally, it is worth mentioning that in the non-relativistic limit of the density matrix of 2N
SRC, ρ(β1,k1,⊥) ≈ nNN (p1)MN , the 2N SRC LF nuclear spectral function [Eq.(2.97)], similar to
the VN approximation, reduces to the SRC model of spectral function of Ref. [52].
2.4.3 Nuclear spectral function in light-front approximation for three nucleons in
short-range correlation
The calculation of the nuclear spectral function in light-front approximation for three nucleons
in short-range correlation starts with the definition of the effective vertex Vˆ3N in the 3N SRC
covariant amplitude (2.11)
Vˆ3N = i a¯ (p1, s1)2α
2
1δ(α1 +α2 +α3−3)δ2(p1,⊥+p2,⊥+p3,⊥)δ(M˜ 2N − M˜ (3N ),2N )a (p1, s1), (2.103)
where (α2, p2,⊥), (α3, p3,⊥) are light-front momentum fractions and transverse momenta of cor-
related second and third nucleon respectively. The creation, a¯ (p1, s1), and the annihilation,
a (p1, s1), operators of nucleon with four-momentum p1 and spin s1 satisfy the relations of Eq.
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(2.16). The delta functions represent the momentum and the invariant mass conservation in
the vertex.
Since in the light-front 3N correlation model, the particles 2 and 3 are considered on light-
front energy shells, the magnitude of the invariant mass M˜ (3N ),2N is calculated as follows
M˜ (3N ),2N = p
−
1 p
+
1 −p21,⊥ = p1+(pA−−p2−−p3−−pA−3,−)−p21,⊥
= p+1

M 2A
p+A
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2
N +p
2
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p+2
−M
2
N +p
2
3,⊥
p+3
−M
2
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p+A−3

−p21,⊥
=
p+1
3p+A

M 2A
3
−M
2
N +p
2
2,⊥
p+2 /3p
+
A
−M
2
N +p
2
3,⊥
p+3 /3p
+
A
− M
2
A−3
p+A−3/3p+A

−p21,⊥
=
α1
3

M 23N −
M 2N +p
2
2,⊥
α2/3
−M
2
N +p
2
3,⊥
α3/3

−p21,⊥, (2.104)
with the mass of the 3N SRC defined as:
M 23N =
3
A
M 2A −3
M 2A−3
αA−3
, (2.105)
where αA−3 = A−3.
Similarly to the propagator integration described in section 2.4.2, the integrations by dp−2
and dp−3 in Eq. (2.11) are performed through the ”− ” components of the positive poles of the
propagators of the on-shell particles 2 and 3 respectively, provided that their ”+” components
are large and positive, so that the Z diagram in this scheme will be suppressed by the inverse
power of large ”+ ” component of the nucleon’s four-momentum [25]. The integration by dp−2
of the propagator of the on-shell particle 2 yields
∮
d 4p2
p 22 −MN + i" =
∮
dp−2 dp+2 d 2p2,⊥
2

p+2 p
−
2 −p22,⊥−MN

+ i"
=
∮
dp−2 dp+2 d 2p2,⊥
2p+2

p−2 −

p22,⊥+MN

/p+2

+ i"
=−2pii dp
+
2 d
2p2,⊥
2p+2
p−2 = p22,⊥+MNp+2
=−pii dα2
α2
d 2p2,⊥
p−2 = p22,⊥+MNp+2 , (2.106)
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and integration by dp−3 of the propagator of the on-shell particle 3 yields∮
d 4p3
p 23 −MN + i" =
∮
dp−3 dp+3 d 2p3,⊥
2

p+2 p
−
3 −p23,⊥−MN

+ i"
=
∮
dp−3 dp+3 d 2p3,⊥
2p+3

p−2 −

p23,⊥+MN

/p+3

+ i"
=−2pii dp
+
3 d
2p3,⊥
2p+3
p−3 = p23,⊥+MNp+3
=−pii dα3
α3
d 2p3,⊥
p−3 = p23,⊥+MNp+2 . (2.107)
The above integrations project the intermediate state to the positive light-front energy state
thus excluding the contribution from the Z graph of Fig. 2.1(c). With the diminished contribu-
tion from the Z graph, the covariant 3N SRC amplitude [Eq. (2.11)], will result in the light-front
spectral function, PNA,3N (α1,p1,⊥,M˜ 2N ) of the 3N SRC.
As in the LF 2N SRC approximation, the numerator of the propagator for the on-shell
particles 2 and 3 in Eq. (2.11), can be expressed by the following on-shell sum rule
p/2 +MN =
∑
s2
u (p2, s2)u¯ (p2, s2), (2.108)
p/3 +MN =
∑
s3
u (p3, s3)u¯ (p3, s3), (2.109)
where u (pi , si ) is the spinor of the particle i with momentum pi and spin projection si . Using
a similar approximate relation for the 2′ propagator which represents the nucleon between
consecutive NN interaction vertices yields
p/2′ +MN =
∑
s2′
u (p2′ , s2′ )u¯ (p2′ , s2′ ). (2.110)
Inserting Eqs. (2.16) and (2.106) -(2.110) in the covariant 3N SRC amplitude [Eq. (2.11)],
and summing over all possible spin projections s2, s3 and s2′ , reduces the latter to the 3N SRC
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part of the nuclear spectral function in LF approximation, namely
PNA,3N (α1, p1,⊥,M˜ 2N ) =
∑
s2,s3,s2′ ,s˜2′
∫
u¯ (k1,λ1)u¯ (k2,λ2)u¯ (k3,λ3)Γ
†
NN→N ,N
u (p2′ , s˜2′ )u¯ (p2′ , s˜2′ )
p 22′ −M 2N Γ
†
NN→N ,N
×2α21δ(α1 +α2 +α3−3)δ2(p1,⊥+p2,⊥+p3,⊥)δ(M˜ 2N − M˜ (3N ),2N )
× u (p1, s1)
p 21 −M 2N u (p2, s2)u¯ (p2, s2)
u¯ (p1, s1)
p 21 −M 2N ΓNN→N ,N
u (p2′ , s2′ )u¯ (p2′ , s2′ )
p 22′ −M 2N
×u (p3, s3)u¯ (p3, s3)Γ †NN→NN u (k1,λ1)u (k2,λ2)u (k3,λ3)
× dα2
α2
d 2p2,⊥
2(2pi)3
dα3
α3
d 2p3,⊥
2(2pi)3
. (2.111)
.
Light-front wave function of the first 2N SRC
The calculation of the light-front wave function of the first 2N SRC, shown in Fig. 2.3, between
particle 2 with momentum k2, and particle 3 with momentum k3, which results in particle 2
′
with momentum p2′ , and particle 3 with momentum p3, depends on the consideration of the
following expression, as well as its complex conjugated form, in Eq. (2.111):
u¯ (p2′ , s2′ )u¯ (p3, s3)ΓNN→N ,N u (k2,λ2)u (k3,λ3)
p 22′ −M 2N . (2.112)
Before calculating the LF wave functions, it is convenient to define important kinematic
variables and relations that result from the collinear approximation. The assumptions of collinear
approximation in the diagram of Fig. 2.3 implies that the momentum fractions of the 3N SRCs
carried by each initial nucleon is unity and their total transverse momenta is neglected, then
k+ = k+1 +k
+
2 +k
+
3 ,
αk =
3k+1
k+
=
3k+2
k+
=
3k+3
k+
= 1
k1,⊥+k2,⊥+k3,⊥ = 0, (2.113)
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also from the energy and momentum conservation it follows that:
k1 +k2 +k3 = p1 +p2 +p3,
k+ = p+1 +p
+
2 +p
+
3 ,
p1,⊥+p2,⊥+p3,⊥ = 0,
k2 +k3 = p2′ +p3,
k1 +p2′ = p2 +p3, (2.114)
and the momentum fractions of the initial as well as those of the correlated nucleons are
αi =
3p+i
k+
i = 1, 2, 3
α1 +α2 +α3 = 3,
α2′ =
3p+2′
k+
=
3(k2 +k3−p3)
k+
= 2−α3,
β1 =
2α1
α12
=
2α1
α1 +α2
=
2α1
3−α3 ,
β2 =
2α2
α12
=
2α2
α1 +α2
=
2α2
3−α3 ,
β3 =
2α3
α2′3
=
2α3
α2′ +α3
=α3,
β2′ =
2α2′
α2′3
=
2(2−α3)
2
= 2−α3. (2.115)
By applying the above defined relations, as well as the light-front momentum and energy
conservation at the ΓNN→N ,N vertex, and the on-shell condition of initial particles as well of the
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correlated particles 2 and 3, the propagator in Eq. (2.112) can be expressed as
p 22′ −M 2N = (k2 +k3−p3)2−M 2N
= (k+2 +k
+
3 −p+3 )(k−2 +k−3 −p−3 )−p23,⊥)−M 2N
= p+2′

M 2N
k+2
+
M 2N
k+3
−M
2
N +p
2
3,⊥
p+3
−M
2
N +p
2
3,⊥
p+2′

= (2−α3)

2M 2N −
M 2N +p
2
3,⊥
α3
−M
2
N +p
2
3,⊥
2−α3

=
2−β3
2

M 223−4
M 2N +p
2
3,⊥
β3(2−β3)

, (2.116)
where the invariant mass M 223 squared is
M 223 = (k2 +k3)
2 = (k+2 +k
+
3 )(k
−
2 +k
−
3 )
=M 2N

2+
k+3
k+2
+
k+2
k+3

≈ 4M 2N . (2.117)
The propagator (2.116) can be completely expressed though the internal momenta of the
NN system by introducing the relative momentum, k˜3, in the NN center of mass frame, as
follows:
k˜23 =
M 2N +p
2
3,⊥
β3(2−β3) −M
2
N . (2.118)
The relative momentum k˜3 is invariant with respect to the Lorentz boost in the pNN direction,
and will be used to set a momentum scale for the 2N SRCs, requiring k˜3 ≥ ks r c similar to Eq.
(2.37).
The propagator (2.116) can therefore be expressed as
p 22′ −M 2N = 2−β32

M 223−4(M 2N + k˜23)

. (2.119)
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Inserting Eq. (2.119) in Eq. (2.112), the light-front wave function of the first NN SRC is
defined as
ψNN (β2′ , p3,⊥, s2′ , s3) =
1p
2(2pi)3
u¯ (p2′ , s2′ )u¯ (p3, s3)ΓNN→N ,N u (k2,λ2)u (k3,λ3)
1
2

M 223−4(M 2N + k˜23)
 . (2.120)
The above defined wave function results in the following simplified expression for Eq.(2.112)
u¯ (p2′ , s2′ )u¯ (p3, s3)ΓNN→NN u (k2)u (k3)
p 22′ −M 2N =
p
2(2pi)3
ψNN (β2′ , p3,⊥, s2′ , s3)
2−β3 . (2.121)
Light-front wave function of the second 2N SRC
The calculation of the light-front wave function of the second 2N SRC, shown in Fig. 2.3, be-
tween particle 1 with momentum k1, and particle 2
′ with momentum p2′ , which results in par-
ticle 1 with momentum p1, and particle 2 with momentum p2, depends on the consideration
of the following expression, as well as its complex conjugated form, in Eq. (2.111):
u¯ (p1, s1)u¯ (p2, s2)ΓNN→N ,N u (p2′ , s2′ )u (k1,λ1)
p 21 −M 2N . (2.122)
By applying the relations in Eqs. (2.113) to (2.115 ), as well as the light-front momentum
and energy conservation at the ΓNN→N ,N vertex, and the on-shell condition of the initial parti-
cles as well of the correlated particles 2 and 3, the propagator in Eq. (2.122) can be expressed
as
p 21 −M 2N = (k1 +k2 +k3−p2−p3)2−M 2N
= (k+1 +k
+
2 +k
+
3 −p+2 −p+3 )(k−1 +k−2 +k−3 −p−2 −p−3 )− (p2,⊥+p3,⊥)2−M 2N
= p+1

M 2N
k+1
+
M 2N
k+2
+
M 2N
k+3
−M
2
N +p
2
2,⊥
p+2
−M
2
N +p
2
3,⊥
p+3
−M
2
N +p
2
1,⊥
p+1

=α1

3M 2N −
M 2N +p
2
2,⊥
α2
−M
2
N +p
2
3,⊥
α3
−M
2
N +p
2
1,⊥
α1

=
β1
2

M 212−
4[M 2N + (p1,⊥− β12 p12,⊥)2]
(2−β1)β1

, (2.123)
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where p12,⊥ = p1,⊥+p2,⊥, and the invariant mass M 212 squared is
M 212 = (k1 +k2 +k3−p3)2
= (k+1 +k
+
2 +k
+
3 −p+3 )(k−1 +k−2 +k−3 −p−3 )−p23,⊥
=

1− α3
3

9M 2N −
M 2N +p
2
3,⊥
α3/3

−p23,⊥
≈M 23N

1− α3
3

−3M
2
N +p
2
3,⊥
α3
+M 2N . (2.124)
The propagator (2.123) can be completely expressed though the internal momenta of the
NN system by introducing the relative momentum, k˜1, in the NN center of mass frame, as
follows:
k˜21 =
M 2N + k˜
2
1,⊥
β1(2−β1) −M
2
N , (2.125)
where the relative transverse momentum is
k˜1,⊥ = p1,⊥− β12 p12,⊥. (2.126)
The relative momentum k˜1 is invariant with respect to the Lorentz boost in the pNN direction,
and will be used to set a momentum scale for the 2N SRCs, requiring k˜1 ≥ ks r c similar to Eq.
(2.37).
The propagator (2.123) can therefore be expressed as
p 21 −M 2N = β12

M 212−
4(M 2N +k
2
1,⊥)
(2−β1)β1

=
β1
2

M 212−4(M 2N + k˜21)

. (2.127)
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Inserting Eq. (2.127) in Eq. (2.122), the light-front wave function of the second NN SRC
is defined as
ψNN (β1, k˜1,⊥, s1, s2) =
1p
2(2pi)3
u¯ (p1, s1)u¯ (p2, s2)ΓNN→N ,N u (p2′ , s2′ )u (k1,λ1)
1
2

M 212−4(M 2N + k˜21)
 . (2.128)
The above defined wave function results in the following simplified expression for Eq.(2.122)
u¯ (p1, s1)u¯ (p2, s2)ΓNN→N ,N u (p2′ , s2′ )u (k1)
p 21 −M 2N =
p
2(2pi)3
ψNN (β1, k˜1,⊥, s1, s2)
β1
. (2.129)
3N SRC light-front nuclear spectral function
Inserting Eqs. (2.121) and (2.129) in Eq.(2.111), the following expression for the 3N SRC light-
front nuclear spectral function is obtained
PNA,3N (α1, p1,⊥,M˜ 2N ) =
∑
s1,s2,s3,s2′
∫
ψ†NN (β2′ , p3,⊥, s2′ , s3)
2−β3
ψ†NN (β1, k˜1,⊥, s1, s2)
β1
×2α21δ(α1 +α2 +α3−3)δ2(p1,⊥+p2,⊥+p3,⊥)δ(M˜ 2N − M˜ (3N ),2N )
× ψNN (β1, k˜1,⊥, s1, s2)
β1
ψNN (β2′ , p3,⊥, s2′ , s3)
2−β3
dα2
α2
d 2p2,⊥
dα3
α3
d 2p3,⊥. (2.130)
The nuclear spectral function (2.130) can be further simplified by summing over the final
and average of all possible initial polarization configurations, similar to the one in VN approx-
imation [Eq. (2.33)], as well as by introducing the light-front spin averaged density matrices
for the relative motion in the first and second 2N SRC, similar to those defined in Eq.(2.95).
Then, the 3N SRC light-front nuclear spectral function is obtained as the convolution of two
NN light-front density matrices as follows:
PNA,3N (α1, p1,⊥,M˜ 2N ) =
∫
3−α3
2(2−α3)2ρNN (β2′ , p3,⊥)ρNN (β1, k˜1,⊥)2δ(α1 +α2 +α3−3)
×δ2(p1,⊥+p2,⊥+p3,⊥)δ(M˜ 2N − M˜ (3N ),2N )dα2d 2p2,⊥dα3d 2p3,⊥. (2.131)
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The normalization conditions for the above introduced density matrices are defined from
the sum-rule conditions of Eqs. (2.53) and (2.55). For the density matrices of NN SRC, ρNNN ,
the normalization conditions to satisfy the baryonic and momentum sum rules [36] yields
∫
ρNNN (β , k⊥)
dβ
β
d 2k⊥ =
∫
ρNNN (β , k⊥)β
dβ
β
d 2k⊥ = nN3N , (2.132)
where nN3N is the contribution to the total norm of the nuclear spectral function.
In the nuclear spectral function [Eq.(2.131)], similar to Eq. (2.49) for VN approximation,
the product of the two density matrices is expressed through the product of high momentum
parts of the deuteron density matrices in the form:
ρNN (β2′ , p3,⊥)ρNN (β1, k˜1,⊥) = a 22 (A,Z )C N (A,Z )ρd (β2′ , p3,⊥)Θ(k˜1−ks r c )ρd (β1, k˜1,⊥)Θ(k˜3−ks r c ),
(2.133)
where k˜1 and k˜3 are defined in Eqs. (2.125) and (2.118) respectively. The factors a2(A,Z ) and
C N (A,Z ) are the same as those defined in Eq. (2.49) for the case of VN approximation. A model
for the deuteron density matrix ρd is given in Eq. (3.37).
The 3N SRC nuclear spectral function in LF approximation [Eq.(2.131)], together with
the product of the density matrices for the relative momentum distribution of the NN SRC
[Eq.(2.133)], as well as the normalization conditions [Eq.(2.132)], constitute the mathemati-
cal model from which the corresponding computational models and numerical estimates are
obtained in the chapters 3 and 4 of the present dissertation.
2.5 Summary.
On the basis of the NN short-range correlation picture of the high-momentum component of
nuclear wave function, a model has been developed for the nuclear spectral functions in the
domain of high momentum and high removal energy of bound nucleon in the nucleus. In the
high momentum domain, the models of nuclear spectral functions should be relativistic.
A main focus therefore in developing the models, in the present chapter, is given to the
treatment of the relativistic effects which are important for the bound nucleon momenta ex-
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ceeding the characteristic Fermi momentum, kF , in the nucleus. The relativistic effects in
the present dissertation are treated by using the effective Feynman diagrammatic approach,
in which the Lorentz covariant amplitudes are reduced to the nuclear spectral functions, in a
process of calculation designed to trace the relativistic effects entering in such functions.
One of the main ambiguities related to the treatment of relativistic effects is the account
for the vacuum fluctuations (Z graphs) which ultimately alter the definition of the spectral
function as a probability of finding a bound nucleon in the nucleus with the given momentum
and positive removal energy. Two approaches are employed in the present dissertation to deal
with the vacuum fluctuations: virtual nucleon and light-front approximations, both suitable
for an adequate treatment of the corresponding relativistic effects.
The results obtained in the present chapter within VN [Eq. (2.34)], and LF [Eq. (2.97)],
represent an attempt to account for the relativistic effects in the domain of 2N SRCs with center
of mass motion of the NN pair. The results agree with the 2N SRC (with center of mass motion)
model of Ref. [52] in the non-relativistic limit.
The above defined approaches to deal with the vacuum fluctuations are extended to cal-
culate the contributions from three-nucleon short-range correlations. The 3N SRCs are mod-
eled as two sequential NN short-range correlations. The corresponding models of nuclear
spectral functions are based on the collinear approach in which a negligible center of mass mo-
mentum for the residual or uncorrelated A−3 nuclear system is assumed. The derived spectral
functions within VN [Eq. (2.47)]and LF [Eq. (2.131)] approximations represent the results for
3N SRC contribution to the nuclear spectral functions.
The models for nuclear spectral function developed in the present chapter also account
for the experimental results of the strong (by factor of 20) dominance of the pn SRCs in nu-
clei, as compared to the pp and nn correlations, for internal momentum range of ∼ 250 −
650 MeV/c . The dominance of the pn correlations implies that to quantitatively describe the
obtained models of nuclear spectral functions, in a high momentum domain, only what is
needed is the knowledge of the high momentum deuteron wave function, either in the lab-
oratory frame (for VN approximation) or on the light front (for LF approximation).
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CHAPTER 3
Multinucleon short-range correlation model for nuclear spectral functions: Models
for numerical computation
In order to obtain numerical estimates of the nuclear spectral functions, the computational
models are developed in the present chapter by integration of the delta functions in the math-
ematical models obtained in chapter 2. The integrals are calculated by using the following for-
mulas [83]
∫
f (x )δ(g (x ))d x =
∑
a
∫
f (x )
δ(x − x a )
|g ′(x a )|x=x a d x =
∑
a
f (x a )
|g ′(x a )|x=x a . (3.1)
where x a are the roots of g (x ) = 0.
The prediction that single proton or neutron momentum distributions in the 2N SRC do-
main are inversely proportional to their relative fractions in nuclei Ref. [104,112], is represented
in the computational models of the nuclear spectral functions by the proton and neutron rel-
ative fraction factor xp/n , introduced in Eq. (2.37) and given by:
xp =
Z
A
,
xn =
A−Z
A
. (3.2)
In the case of 3N SRC for asymmetric nuclei, the 3N SRC suppression factor C N (A,Z ),
defined in Eq. (2.49), which accounts for the effects associated with the isospin structure of
two-nucleon recoil system, are given by
C p (A,Z ) =
2(Z −1)
A
,
C n (A,Z ) =
2(A−Z −1)
A
. (3.3)
The computational models developed in the present chapter for 2N SRC and 3N SRC in
asymmetric nuclei are specifically associated to proton or to neutron through the factors given
by Eqs. (3.2) and (3.3) respectively.
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The outline of the chapter is as follows. Section 3.1 presents the computational models
for 2N and 3N SRC nuclear spectral functions in VN approximation. The computational models
for 2N and 3N SRC nuclear spectral functions in LF approximation are developed in section 3.2.
Section 3.3 includes the computational models for 2N and 3N SRC nuclear spectral functions
in the non-relativistic limit of the VN approximation. Section 3.4 summarizes the results of the
chapter.
3.1 Computational models for SRC nuclear spectral function in virtual nucleon
approximation
The computational models for high momentum nuclear spectral function in virtual nucleon
(VN) approximation, with two and three nucleons in short range correlation, are developed in
the present section.
3.1.1 Computational model for two nucleon SRC nuclear spectral function in
virtual nucleon approximation
The following expression for the 2N SRC nuclear spectral function in VN approximation is ob-
tained by inserting the relative momentum distribution of the NN SRC [Eq.(2.37)] in Eq. (2.34),
namely
S
p/n
A,2N (p1,Em ) =
a2(A,Z )
(2xp/n )γ
∫
nd (prel)Θ(prel−ksrc)
MN −Em−TA−1
MA/A
nCM (pNN)δ[Em −E 2Nm ]dpNN , (3.4)
where p/n indicates proton and neutron respectively, the parameter a2(A,Z ) is defined in Eq.
(2.37), xp/n are given by Eq. (3.2), and nd is the deuteron momentum distribution calculated
from a nonrelativistic wave function.
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The relativistic kinetic energy of the on-shell correlated nucleon 2 [Fig. 2.2 (b)], is given
by
T2 = E2−MN =
q
p22 +M
2
N −MN
=
q
(pNN −p1)2 +M 2N −MN
=
q
p21−2p1pNN cosθ1NN +p2NN +M 2N −MN , (3.5)
where θ1NN is the angle between p1 and pNN . Hence, the removal energy E 2Nm for the 2N SRC
[Eq. (2.23)] can be expressed as
E 2Nm = E
(2)
t hr +
q
p21−2p1pNN cosθ1NN +p2NN +M 2N −MN + p
2
NN
2MA−2
− p
2
1
2MA−1
, (3.6)
and the argument of the delta function in the nuclear spectral function [Eq.(3.4)] is therefore
Em −E 2Nm = Em −E (2)t hr +MN −
q
p21−2p1pNN cosθ1NN +pNN +M 2N − p
2
NN
2MA−2
+
p21
2MA−1
, (3.7)
where E (2)t hr ≈ 2MN +MA−2−MA .
If cos θ˜1NN is the root of Em −E 2Nm = 0, it follows that
E20 =
q
p21−2p1pNN cos θ˜1NN +pNN +M 2N = Em −E (2)t hr +MN −
p2NN
2MA−2
+
p21
2MA−1
, (3.8)
where E20 is the relativistic energy of the nucleon 2 for cos θ˜1NN .
cos θ˜1NN is then given by
cos θ˜1NN =
p21 +p
2
NN +M
2
N −E 220
2p1pNN
, (3.9)
with the restrictions
E 220 ≥ 0,
cos2 θ˜1NN ≤ 1. (3.10)
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The derivative of Eq. (3.7) yields
d (Em −E 2Nm )
d cosθ1NN
|θ1NN=θ˜1NN =
p1pNNq
p21−2p1pNN cos θ˜1NN +pNN +M 2N
=
p1pNN
E20
. (3.11)
Then, from Eqs.(3.1), and (3.8) to (3.11 ), the integration of the delta function in the nuclear
spectral functions [Eq.(3.4)] over cosθ1NN yields∫
δ0[Em −E 2Nm ]dpNN = 2pi
∫
δ0[Em −E 2Nm ]p2NNdpNNd cosθ1NN = 2pi
∫
E20
p1
pNNdpNN . (3.12)
The 2N SRC nuclear spectral functions [Eq.(3.4)] are therefore given by:
S
p/n
A,2N (p1,Em ) = 2pi
a2(A,Z )
(2xp/n )γ
∫ 1
0
nd (prel)
ωr e l
nCM (pNN)
E20
p1
Θ(prel−ksrc)pNNdpNN , (3.13)
where the center of mass momentum distribution is given by Eq.(2.36), and the relative mo-
mentum of the correlated nucleons by
prel =
√√ (p1−p2)2
4
=
√√ (2p1−pNN)2
4
=
√√
p21 +
p2NN
4
−p1pNN cos θ˜1NN . (3.14)
Also
ωrel =
MN −Em −TA−1
MA
A
=
A
MA

MN −Em − p
2
1
2MA−1

, (3.15)
and the cosine of the angle θ1rel, between p1 and prel, is given by
cosθ1rel =
2p1−pNN cos θ˜1NN
2prel
, (3.16)
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with the restriction
cos2θ1rel ≤ 1. (3.17)
The momentum of the correlated nucleon 2 is
p2 =
Æ
(p1−2prel)2 =
q
p21 +4p
2
rel−4p1prel cosθ1r e l , (3.18)
with the restriction
p2 > kF ∼ 0.250 GeV/c. (3.19)
The 2N SRC nuclear spectral functions [Eq.(3.13)], together with Eqs. (2.36), (3.8) to (3.10),
and (3.14) to (3.19 ), and the normalization condition [Eq.(2.35)], constitute the computational
model from which numerical estimates are obtained in the chapter 4 of the present disserta-
tion.
3.1.2 Computational model for three nucleon SRC nuclear spectral function in
virtual nucleon approximation
The following expression for the 3N SRC nuclear spectral function in VN approximation is ob-
tained by inserting the product of the relative momentum distributions of the NN SRC [Eq.(2.49)]
in Eq. (2.47), namely
S
p/n
A,3N (p1,Em ) = a
2
2 (A,Z )C
p/n (A,N )
∫
nd (p3)nd (p12)
MN −Em−TA−1
MA/A
Θ(p3−ks r c )Θ(p12−ks r c )δ(Em −E 3Nm )d 3p3,
(3.20)
where p/n indicates proton and neutron respectively, and the C p/n (A,N ) factors are given by
Eq. (3.3).
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The relativistic kinetic energies of the on-shell correlated nucleons 2 and 3 [Fig. 2.3], are-
given by
T2 =
q
p22 +M
2
N −MN =
q
(p1 +p3)2 +M 2N −MN
=
q
p21 +2p1p3 cosθ13 +p
2
3 +M
2
N −MN , (3.21)
T3 =
q
p23 +M
2
N −MN , (3.22)
where θ13 is the angle between p1 and p3. Then, the removal energy of the bound nucleon E 3Nm
[Eq. (2.38)] can be expressed as
E 3Nm = E
(3)
t hr −2MN −
p21
2MA−1
+
q
p23 +M
2
N +
q
p21 +2p1p3 cosθ13 +p
2
3 +M
2
N . (3.23)
The argument of the delta function in the nuclear spectral function [Eq.(3.20)] is therefore
Em −E 3Nm = Em −E (3)t hr +2MN +
p21
2MA−1
−qp23 +M 2N −qp21 +2p1p3 cosθ13 +p23 +M 2N , (3.24)
where E (3)t hr ≈ 3MN +MA−3−MA .
Similar to the case of the 2N SRC nuclear spectral function in section (3.1.1), the integration of
the delta function in the spectral functions [Eq.(3.20)] over cosθ13 yields∫
δ0[Em −E 3Nm ]dp3 = 2pi
∫
δ0[Em −E 3Nm ]p23dp3 cosθ13 = 2pi
∫
E30
p1
p3dp3, (3.25)
where E30 is the relativistic energy of the nucleon 3 for cos θ˜13, given by
E30 =
q
p21 +2p1p3 cos θ˜13 +p
2
3 +M
2
N = Em −E (3)t hr +2MN +
p21
2MA−1
−qp23 +M 2N , (3.26)
and cos θ˜13, the root of Em −E 3Nm = 0, is
cos θ˜13 =
E 230−p21−p23−M 2N
2p1p3
, (3.27)
75
with the restrictions
E 230 ≥ 0,
cos2 θ˜13 ≤ 1. (3.28)
The 3N SRC nuclear spectral functions [Eq.(3.20)] are therefore given by:
S
p/n
A,3N (p1,Em ) = 2pia
2
2 (A,Z )C
p/n (A,N )
∫ 1
0
nd (p3)
ω3N
nd (p12)
E30
p1
Θ(p3−ks r c )Θ(p12−ks r c )p3dp3,
(3.29)
where, by using the collinear assumption within the VN approximation [p1 +p2 +p3 = 0],
p12 =
√√ (p1−p2)2
4
=
√√ (2p1 +p3)2
4
=
√√
p21 +
p23
4
+p1p3 cos θ˜13, (3.30)
and
ω3N =
MN −Em −TA−1
MA
A
=
A
MA

MN −Em − p
2
1
2MA−1

. (3.31)
The cosine of the angle θ112, between p1 and p12, is given by
cosθ112 =
2p1 +p3 cos θ˜13
2p12
, (3.32)
with the restriction
cos2θ112 ≤ 1. (3.33)
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The momentum of the correlated nucleon 2 is
p2 =
Æ
(p1−2p12)2 =
q
p21 +4p
2
12−4p1p12 cosθ112, (3.34)
with the restriction
p2 > kF ∼ 0.250 GeV/c (3.35)
The 3N SRC nuclear spectral functions [Eq.(3.29)], together with Eqs. (3.26) to (3.28),
and (3.30) to (3.35 ), and the normalization condition [Eq.(2.48)], constitute the computational
model from which numerical estimates are obtained in the chapter 4 of the present disserta-
tion.
3.2 Computational models for SRC nuclear spectral function in light-front
approximation
The computational models for high momentum nuclear spectral function in light-front (LF)
approximation, with two and three nucleons in short range correlation, are developed in the
present section.
3.2.1 Computational model for two nucleon SRC nuclear spectral function
in light-front approximation
The following expression for the 2N SRC nuclear spectral function in LF approximation is ob-
tained by inserting the light-front density matrix for the relative motion in the 2N SRC [Eq.(2.99)]
in Eq. (2.97), namely
P
p/n
A,2N (α1, p1,⊥,M˜ 2N ) =
a2(A,Z )
(2xp/n )γ
MN
∫
ρd (β1, k1,⊥)Θ(k1−ks r c )nCM (kCM )2δ(α1 +α2−αNN )
δ2(p1,⊥+p2,⊥−pNN ,⊥)δ(M˜ 2N − M˜ (2N ),2N )dβ2d 2p2,⊥dαNN d 2pNN ,⊥, (3.36)
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where p/n indicates proton and neutron respectively, β1 is defined in Eq. (2.78), xp/n are given
by Eq. (3.2), and the light-front density matrix for the deuteron is defined as
ρd (β1, k1,⊥) =
nd (k1)
2−β1
q
M 2N +k1 =
nd (k1)
2−β1
s
sNN
4
Θ(k1−ksrc), (3.37)
where the invariant energy sNN and the relative momentum k1 are defined in Eq. (2.80) and the
parameter a2(A,Z ) in Eq. (2.37). nd is the deuteron momentum distribution calculated from a
nonrelativistic wave function. The normalization of this density matrix is given by
∫
ρd (β1, k1,⊥)
dβ1
β1
d 2k1 = 1. (3.38)
Integration in the nuclear spectral function [Eq. (3.36)] by d 2p2,⊥ through δ2(p1,⊥+p2,⊥−
pNN ,⊥), and by dβ2 through δ(α1 + α2 − αNN ) = 2δ(β1 + β2 − 2)/αNN , and considering that
d 2pNN ,⊥ = pNN ,⊥dpNN ,⊥dφNN yields
P
p/n
A,2N (α1, p1,⊥,M˜ 2N ) =
a2(A,Z )
(2xp/n )γ
MN
∫
ρd (β1, k1,⊥)Θ(k1−ks r c )nCM (kCM )
δ(M˜ 2N − M˜ (2N ),2N )4dαNNαNN pNN ,⊥dpNN ,⊥dφNN , (3.39)
whereφNN is the angle between p1,⊥ and pNN ,⊥, and
β1 +β2 = 2, (3.40)
p1,⊥+p2,⊥ = pNN ,⊥. (3.41)
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From Eqs. (3.40) and (3.41) , the invariant mass M˜ (2N ),2N [Eq.(2.66)] can be expressed as
M˜ (2N ),2N = p
−
1 p
+
1 −p21,⊥ = p+1 (p−NN −p−2 )−p21,⊥
=α1

M 2NN +p
2
NN ,⊥
αNN
−M
2
N +p
2
2,⊥
α2

−p21,⊥
=
2−β2
2
§
M 2NN +p
2
NN ,⊥− 2β2
h
M 2N +

pNN ,⊥−p21,⊥
2iª−p21,⊥
=
β21
2(2−β1)

2−β1
β1
M 2NN − 2β1M
2
N −p2NN ,⊥+ 4β1 pNN ,⊥p1,⊥ cosφNN −
4
β21
p21,⊥

, (3.42)
where MNN is taken as the deuteron mass.
Inserting Eq. (3.42) in the argument of the delta function in the nuclear spectral function
[Eq.(3.39)] yields
M˜ 2N − M˜ (2N ),2N =
β21
2(2−β1)

p2NN ,⊥− 4β1 p1,⊥pNN ,⊥ cosφNN +p
2
02,⊥

, (3.43)
where
p202,⊥ =
2
β1

2
β1
p21,⊥+
2−β1
β1
M˜ 2N − 2−β12 M
2
NN +M
2
N

, (3.44)
with the restriction
p202,⊥ ≥ 0. (3.45)
The roots of M˜ 2N − M˜ (2N ),2N = 0 are
p˜aNN ,⊥ =
2
β1

p1,⊥ cosφNN +
1
4
Ç
16p21,⊥ cos2φNN −β21 p202,⊥

,
p˜bNN ,⊥ =
2
β1

p1,⊥ cosφNN − 14
Ç
16p21,⊥ cos2φNN −β21 p202,⊥

, (3.46)
with the restriction
16p21,⊥ cos2φNN −β21 p202,⊥ > 0. (3.47)
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Then, from Eqs. (3.1) and (3.46), integration of the delta function in the nuclear spectral
function [Eq.(3.39)] over dpNN ,⊥, yields
P
p/n
A,2N (α1, p1,⊥,M˜ 2N ) =
a2(A,Z )
(2xp/n )γ
MN
∫ A
α1
∫ 2pi
0

ρd (β1, k
a
1,⊥)nCM (kaCM )p˜aNN ,⊥Θ(ka1 −ks r c )
+ρd (β1, k
b
1,⊥)nCM (kbCM )p˜bNN ,⊥Θ(kb1 −ks r c )

2−β1
β1

2q
16p21,⊥ cos2φNN −β21 p202,⊥
4dαNN
αNN
dφNN , (3.48)
where from Eqs. (2.78) and (2.80) it follows that
ka (b )1,⊥ =
√√√
p21,⊥+

β1
2
p˜a (b )NN ,⊥
2
−β1p1,⊥p˜a (b )NN ,⊥ cosφNN , (3.49)
s a (b )NN =
4
β1(2−β1)

M 2N + (k
a (b )
1,⊥ )2

, (3.50)
ka (b )1 =
1
2
Ç
s a (b )NN −4M 2N , (3.51)
and from Eqs. (2.86) and (2.89) with pA,⊥ = 0
s a (b )NN ,A−2 = A2

M 2NN +
αNN
A (M
2
A−2−M 2NN ) + (p˜a (b )NN ,⊥)2

αNN (A−αNN ) , (3.52)
ka (b )CM =
r
s a (b )NN ,A−2− (MNN +MA−2)2
 
s a (b )NN ,A−2− (MNN −MA−2)2

2
Ç
s a (b )NN ,A−2
. (3.53)
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Following a similar calculation as above, integration of the delta function in the nuclear
spectral function [Eq.(3.39)] by dφNN yields
P
p/n
A,2N (α1, p1,⊥,M˜ 2N ) =
a2(A,Z )
(2xp/n )γ
MN
∫ A
α1
∫ 1
0
ρd (β1, k1,⊥)Θ(k1−ks r c )nCM (kCM )
2−β1
β1

2q
16p21,⊥p2NN ,⊥−β21 (p2NN ,⊥+p202,⊥)2
4dαNN
αNN
pNN ,⊥dpNN ,⊥, (3.54)
with the restriction
16p21,⊥p2NN ,⊥−β21 (p2NN ,⊥+p202,⊥)2 > 0, (3.55)
and
cosφ˜NN =

β1
4
 p2NN ,⊥+p202,⊥
p1,⊥pNN ,⊥
, (3.56)
is the root of M˜ 2N − M˜ (2N ),2N = 0 for cosφNN , with the restriction
cos2 φ˜NN ≤ 1. (3.57)
From Eq. (2.78) it follows that
k1,⊥ =
√√√
p21,⊥+

β1
2
pNN ,⊥
2
−β1p1,⊥pNN ,⊥ cosφ˜NN . (3.58)
The momenta k1 and kCM are calculated from Eqs. (2.80), and (2.86) and (2.89) respectively,
with pA,⊥ = 0.
The 2N SRC nuclear spectral functions [Eq.(3.54)], together with Eqs.(2.36), (2.80), (2.86),
(2.89), (3.44), and (3.55) to (3.58), and the normalization conditions [Eq.(2.98)], [Eq.(2.100)] and
[Eq.(2.101)], constitute the simplest computational model from which numerical estimates are
obtained in the chapter 4 of the present dissertation. The Eqs. (2.36), (3.44) to (3.53), (2.98),
(2.100) and (2.101), also constitute a computational model but more calculations are needed
to obtain the same numerical estimates.
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3.2.2 Computational model for three nucleon SRC nuclear spectral function
in light-front approximation
The following expression for the 3N SRC nuclear spectral function in LF approximation is ob-
tained by inserting the product of light-front density matrices for the relative motion in the 2N
SRC [Eq.(2.133)] in Eq. (2.131), namely
P
p/n
A,3N (α1, p1,⊥,M˜N ) = a 22 (A,Z )C p/n (A,Z )
∫
3−α3
2(2−α3)2ρd (β2′ , p3,⊥)Θ(k˜1−ks r c )ρd (β1, k˜1,⊥)Θ(k˜3−ks r c )
2δ(α1 +α2 +α3−3)δ2(p1,⊥+p2,⊥+p3,⊥)δ(M˜ 2N −M (3N ),2N )dα2d 2p2,⊥dα3d 2p3,⊥,
(3.59)
where p/n indicates proton and neutron respectively, β2′ and β1 are given by Eq. (2.115 ), the
light-front density matrix for the deuteron by Eq. (3.37), and the factorsC p/n (A,Z ) by Eq. (3.3).
Integration in the nuclear spectral function [Eq. (3.59)] by d 2p2,⊥ through δ2(p1,⊥+p2,⊥+
p3,⊥), and bydα2 throughδ(α1+α2+α3−3), and considering thatd 2p3,⊥ = p3,⊥dp3,⊥dφ13 yields
P
p/n
A,3N (α1, p1,⊥,M˜N ) = a 22 (A,Z )C p/n (A,Z )
∫
3−α3
(2−α3)2ρd (β2′ , p3,⊥)Θ(k˜1−ks r c )ρd (β1, k˜1,⊥)Θ(k˜3−ks r c )
δ(M˜ 2N −M (3N ),2N )dα3p3,⊥dp3,⊥dφ13, (3.60)
whereφ13 is the angle between p1,⊥ and p3,⊥, and
α2 = 3−α1−α3, (3.61)
p2,⊥ =−p1,⊥−p3,⊥. (3.62)
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From Eqs. (3.61) and (3.62), the invariant mass M˜ (3N ),2N [Eq.(2.104)] can be expressed as
M˜ (3N ),2N =
α1
3

M 23N −
M 2N +p
2
2,⊥
α2/3
−M
2
N +p
2
3,⊥
α3/3

−p21,⊥
=
α1
3

M 23N −
M 2N + (p1,⊥+p3,⊥)2
(3−α1−α3)/3 −
M 2N +p
2
3,⊥
α3/3

−p21,⊥
=
α1(3−α1)
α3(3−α1−α3)
×

α3(3−α1−α3)
3(3−α1) M
2
3N −M 2N − α3(3−α3)α1(3−α1)p
2
1,⊥−p23,⊥+ α3α1−3 p1,⊥ cosφ13p3,⊥

, (3.63)
where M 23N is given by Eq. (2.105).
Inserting Eq. (3.63) in the argument of the delta function in the nuclear spectral function
[Eq.(3.60)] yields
M˜ 2N − M˜ (3N ),2N = α1(3−α1)α3(3−α1−α3)

p23,⊥− α3α1−3 p1,⊥ cosφ13p3,⊥−p
2
03,⊥

, (3.64)
where
p203,⊥ =
α3(3−α1−α3)
α1(α1−3)

M˜ 2N − α13 M
2
3N +
α1(3−α1)
α3(3−α1−α3)M
2
N +
3−α3
3−α1−α3 p
2
1,⊥

, (3.65)
with the restriction
p203,⊥ ≥ 0. (3.66)
Similar to the case of 2N SRC in section (3.2.1), integration of the delta function in the nuclear
spectral function [Eq.(3.60)] by dp3,⊥ yields
P
p/n
A,3N (α1, p1,⊥,M˜N ) = a 22 (A,Z )C p/n (A,Z )
∫ 3−α1
0
∫ 2pi
0
3−α3
(2−α3)2
ρd (β2′ , p˜
a
3,⊥)Θ(k˜a1 −ks r c )ρd (β1, k˜a1,⊥)Θ(k˜a3 −ks r c )p˜a3,⊥
+ρd (β2′ , p˜
b
3,⊥)Θ(k˜b1 −ks r c )ρd (β1, k˜b1,⊥)Θ(k˜b3 −ks r c )p˜b3,⊥

α3(3−α1−α3)|α1−3|
α1(3−α1)
1q
α23p
2
1,⊥ cos2φ13 +4(α1−3)2p203,⊥
dα3dφ13, (3.67)
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with the restriction
α23p
2
1,⊥ cos2φ13 +4(α1−3)2p203,⊥ > 0, (3.68)
and
p˜a3,⊥ =
α3
2(α1−3)p1,⊥ cosφ13 +
1
2|α1−3|
Ç
α23p
2
1,⊥ cos2φ13 +4(α1−3)2p203,⊥, (3.69)
p˜b3,⊥ =
α3
2(α1−3)p1,⊥ cosφ13−
1
2|α1−3|
Ç
α23p
2
1,⊥ cos2φ13 +4(α1−3)2p203,⊥, (3.70)
are the roots of M˜ 2N − M˜ (3N ),2N = 0.
From Eqs. (2.125), (2.126), and (2.118) it follows that
k˜a (b )1 =
√√√M 2N + (k˜a (b )1,⊥ )2
β1(2−β1) −M
2
N , (3.71)
k˜a (b )1,⊥ =
√√√
p21,⊥+

β1
2
p˜a (b )3,⊥
2
+β1p1,⊥p˜a (b )3,⊥ cosφ13, (3.72)
k˜a (b )3 =
√√√M 2N + (p˜a (b )3,⊥ )2
β3(2−β3) −M
2
N . (3.73)
Following a similar calculation as above, integration of the delta function in Eq.(3.60) by
dφ13 yields
P
p/n
A,3N (α1, p1,⊥,M˜N ) = a 22 (A,Z )C p/n (A,Z )
∫ 3−α1
3
∫ 1
0
3−α3
(2−α3)2ρd (β2′ , p3,⊥)Θ(k˜1−ks r c )ρd (β1, k˜1,⊥)
Θ(k˜3−ks r c )α3(3−α1−α3)|α1−3|α1(3−α1)
1q
α23p
2
1,⊥p23,⊥− (α1−3)2(p23,⊥−p203,⊥)2
dα3p3,⊥dp3,⊥, (3.74)
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with the restriction
α23p
2
1,⊥p23,⊥− (α1−3)2(p23,⊥−p203,⊥)2 > 0, (3.75)
and
cosφ˜13 =

α1−3
α3
 p23,⊥−p203,⊥
p1,⊥p3,⊥
, (3.76)
is the root of M˜ 2N − M˜ (3N ),2N = 0, with the restriction
cos2 φ˜13 ≤ 1. (3.77)
From Eq (2.126) it follows that
k˜1,⊥ =
√√√
p21,⊥+

β1
2
p3,⊥
2
+β1p1,⊥p3,⊥ cosφ˜13. (3.78)
The momenta k˜1 and k˜3 are calculated from Eqs. (2.125), and (2.118) respectively.
The 3N SRC nuclear spectral functions [Eq.(3.74)], together with Eqs. (2.125), (2.118),
(3.75) to (3.78), and the normalization conditions (2.132), constitute the simplest computa-
tional model from which numerical estimates will be calculated in the chapter 4 of the present
dissertation. Eqs. (3.65) to (3.73), and (2.132), also constitute a computational model but more
calculations are needed to obtain the same numerical estimates.
3.3 Computational models for SRC nuclear spectral function in nonrelativistic
approximation
The computational models for high momentum nuclear spectral function in the non-relativistic
limit of the VN approximation, α ≈ 1, with two and three nucleons in short range correlation,
are developed in the present section.
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3.3.1 Computational model for two nucleon SRC nuclear spectral function
in nonrelativistic approximation
The non relativistic 2N SRC nuclear spectral functions for proton and neutron are obtained
from Eq.(3.4), in the non-relativistic limit of the VN approximation, namely
S
p/n
A,2N (p1,Em ) =
a2(A,Z )
(2xp/n )γ
∫
nd (prel)Θ(prel−ksrc)nCM (pNN)δ[Em −E 2Nm ]dpNN , (3.79)
where p/n indicates proton and neutron respectively, the parameter a2(A,Z ) is defined in Eq.
(2.37), xp/n are given by Eq. (3.2), and nd is the deuteron momentum distribution calculated
from a nonrelativistic wave function.
The removal energy E 2Nm for the 2N SRC [Eq. (2.23)] in the nonrelativistic limit is given by
E 2Nm = E
(2)
t hr +
p2A−2
2(MA−1−MN ) +
p22
2MN
− p
2
1
2MA−1
= E (2)t hr +
p2NN
2(MA−1−MN ) +
(pNN −p1)2
2MN
− p
2
1
2MA−1
= E (2)t hr +
MA−1−MN
2MNMA−1

p1− MA−1MA−1−MN pNN
2
, (3.80)
where pA−2 =−pNN , p2 = pNN −p1, and MA−1 ≈MA−1−MN , have been used. The argument of
the delta function in the nuclear spectral function [Eq. (3.79] is therefore given by
Em −E 2Nm = MA−1−MN2MNMA−1

p20NN − p˜2NN

, (3.81)
where p0NN is
p0NN =
√√
2MN
MA−1
MA−1−MN

Em −E (2)t hr

, (3.82)
with the restriction
p20NN ≥ 0, (3.83)
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and p˜NN is
p˜NN = p1− MA−1MA−1−MN pNN. (3.84)
The delta function in Eq. (3.79) is integrated over pNN by using the change of variables
given by Eq. (3.84), hence
2pip2NNdpNNd cosθ1NN = 2pi
MA−1−MN
MA−1
3
p˜2NN d p˜NN d cos θ˜1NN ,
where θ˜1NN is the angle between p1 and p˜NN .
The integration of the delta function in the nuclear spectral function [Eq. (3.79] yields
∫
δ(Em −E 2Nm )dpNN = 2pi
MA−1−MN
MA−1
3∫
δ(p20NN − p˜2NN)p˜2NN d p˜NN d cos θ˜1NN
= 2piMN
MA−1−MN
MA−1
2∫
p0NNd cos θ˜1NN , (3.85)
and therefore
S
p/n
A,2N (p1,Em ) = 2piMN
MA−1−MN
MA−1
2 a2(A,Z )
(2xp/n )γ
∫ 1
−1
nd (prel)Θ(prel−ksrc)nCM (pNN)p0NNd cos eθ1NN .
(3.86)
The momentum of the correlated nucleons, pNN , is given by
pNN =
MA−1−MN
MA−1
Æ
(p1− epNN )2
=
MA−1−MN
MA−1
Ç
p20NN +p
2
1−2p0NN p1 cos eθ1NN , (3.87)
with the restriction
p20NN +p
2
1−2p0NN p1 cos eθ1NN ≥ 0. (3.88)
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The cosine of the angle θ1NN , between p1 and pNN, is given by
cosθ1NN =
MA−1−MN
MA−1pNN
 
p0NN cos eθ1NN −p1
=
p20NN −p21−
  MA−1
MA−1−MN
2
p2NN
2.0
  MA−1
MA−1−MN

p1pNN
, (3.89)
with the restriction
cos2θ1NN ≤ 1. (3.90)
The relative momentum of the correlated pair, prel, is
prel =
√√ (p1−p2)2
4
=
√√ (2p1−pNN)2
4
=
√√
p21 +
p2NN
4
−p1pNN cosθ1NN , (3.91)
with the restriction
p21 +
p2NN
4
−p1pNN cosθ1NN ≥ 0. (3.92)
The cosine of the angle θ1rel, between p1 and prel, is
cosθ1rel =
2p1−pNN cosθ1NN
2prel
, (3.93)
with the restriction
cos2θ1rel ≤ 1. (3.94)
The momentum of the correlated nucleon 2 is given by
p2 =
Æ
(p1−2prel)2
=
q
p21 +4p
2
rel−4p1prel cosθ1r e l , (3.95)
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with the restrictions
p21 +4p
2
rel−4p1prel cosθ1r e l > 0,
p2 > kF ∼ 0.250 GeV/c. (3.96)
The 2N SRC nuclear spectral functions [Eq.(3.86)], together with Eqs. (2.36), (3.82), and
(3.87) to (3.96), and the normalization condition [Eq.(2.35) ]with α1 = 1, constitute the com-
putational model from which numerical estimates are obtained in the chapter 4 of the present
dissertation.
3.3.2 Computational model for three nucleon SRC nuclear spectral function
in nonrelativistic approximation
The non relativistic 3N SRC nuclear spectral functions for proton and neutron are obtained
from Eq.(3.20), in the non-relativistic limit of the VN approximation, namely
S
p/n
A,3N (p1,Em ) = a
2
2 (A)C
p/n (A,N )
∫
nd (p3)nd (p12)Θ(p3−ks r c )Θ(p12−ks r c )δ(Em −E 3Nm )d 3p3,
(3.97)
where p/n indicates proton and neutron respectively, the factors C p/n (A,Z ) by Eq. (3.3), and
and nd is the deuteron momentum distribution calculated from a nonrelativistic wave func-
tion.
The removal energy E 3Nm for the 2N SRC [Eq. (2.38)] in the nonrelativistic limit is given by
E 3Nm = E
(3)
t hr +
p23
2MN
+
p22
2MN
− p
2
1
2MA−1
= E (3)t hr +
p23
2MN
+
(p1 +p3)2
2MN
− p
2
1
2MA−1
=
1
MN

MN E
(3)
t hr −

2MN −MA−1
MA−1
 p21
4
+
p1
2
+p3
2
, (3.98)
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where the VN collinear approximation p1 + p2 + p3 = 0, have been used. The argument of the
delta function in the nuclear spectral function [Eq. (3.97] is therefore given by
Em −E 3Nm = 1MN

p203N −p23N

, (3.99)
where p03N is
p03N =
√√√
MN
 
Em −E (3)t hr
−MA−1−2MN
MA−1
p21
4
, (3.100)
with the restriction
p203N ≥ 0, (3.101)
and p3N is
p3N = p1/2+p3. (3.102)
The delta function in Eq. (3.97) is integrated over p3 by using the change of variables given
by Eq. (3.102), hence
∫
δ(Em −E 3Nm )dp3 = 2pi
∫
δ(p203N −p23N )p23N dp3N d cosθ13N
=piMN
∫
p03Nd cosθ13N , (3.103)
where θ13N is the angle between p1 and p3N , and therefore
S
p/n
A,3N (p1, Em) =piMN a
2
2 (A, y )C
p/n (A,Z )
∫ 1
−1
nd (p3)nd (p12)Θ(p3−ks r c )Θ(p12−ks r c )p03Nd cosθ13N .
(3.104)
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The momenta p3 and p12 are given by
p3 =
s
p3N − p12
2
=
√√
p203N −p03Np1 cosθ13N + p
2
1
4
, (3.105)
p12 =
√√p1−p2
2
2
=
1
2
√√
p3N +
3p1
2
2
=
1
2
√√
p203N +3p03Np1 cosθ13N +
9p21
4
, (3.106)
with the restriction
p203N −p03Np1 cosθ13N +
p21
4
≥ 0. (3.107)
The cosine of the angle θ13, between p1 and p3, is
cosθ13 =
2p03N cosθ13N −p1
2p3
, (3.108)
with the restriction
cos2θ13 ≤ 1. (3.109)
The cosine of the angle θ112, between p1 and p12, is
cosθ112 =
3p1 +2p03N cosθ13N
4p12
, (3.110)
with the restriction
cos2θ112 ≤ 1. (3.111)
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The momentum of the correlated nucleon 2 is
p2 =
Æ
(p1−2p12)2
=
q
p21 +4p
2
12−2p1p12 cosθ112, (3.112)
with the restrictions
p21 +4p
2
12−2p1p12 cosθ112 ≥ 0,
p2 > kF ∼ 0.250 GeV/c. (3.113)
The 3N SRC nuclear spectral functions (3.104), together with Eqs. (3.100), and (3.105)
to (3.113), and the normalization condition (2.48) with α1 = 1, constitute the computational
model from which numerical estimates will be calculated in chapter 4 of the present disserta-
tion.
3.4 Summary
The computational models for 2N and 3N SRC high momentum nuclear spectral functions in
VN and LF approximation, as well as in the non-relativistic limit of the VN approximation, have
been obtained in the present chapter. The computational models have been developed by in-
tegration of the delta functions in the mathematical models of chapter 2.
The computational models are a set of computable integrals that represent the high mo-
mentum nuclear spectral functions, as well as equations for momenta and cosine of angles
between momentum vectors, and for auxiliary variables. The restrictions in the values of mo-
menta and cosine of angles have been also defined to ensure that the results are physically
valid. The computational models are used to obtain the numerical estimates of the nuclear
spectral functions, density matrices and momentum distributions, given in the next chapter of
the present dissertation.
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CHAPTER 4
Numerical estimates of nuclear spectral functions, density matrices and momentum
distributions
The computational models developed in chapter 3 of the present dissertation are used to ob-
tain numerical estimates of 2N and 3N SRC nuclear spectral functions for LF, VN and VN in
the nonrelativistic limit approximations. The numerical estimates for the LF density matrix for
light and heavy nuclei are also included. The numerical estimates and the parametrization of
the momentum distribution of the bound nucleon are also presented. The momenta distribu-
tion estimates are obtained by the integration of the corresponding nuclear spectral functions
for VN and VN in the nonrelativistic limit approximations.
The outline of the chapter is as follows. Section 4.1 contains a brief discussion about the
range of validity and set of parameters which are used for the numerical estimates of the the
nuclear spectral functions. The deuteron momentum distribution used in the nuclear spectral
function calculations is described in section 4.2, which also includes the numerical estimates
for the deuteron LF density matrix. The numerical estimates for the nuclear spectral functions
in VN, VN in the nonrelativistic limit, and LF approximations are included in the sections 4.3
and 4.4 respectively. The section 4.5 includes the numerical estimates for the SRC density ma-
trices in LF approximation. The section 4.6 presents the numerical estimates for the SRC mo-
mentum distribution in VN approximation, and VN approximation in the nonrelativistic limit.
The section 4.6 also contains the numerical estimates for the SRC nonrelativistic momentum
distributions for light nuclei (A≤ 12) which are compared with ab initio quantum Monte Carlo
calculations [44, 59, 65, 67, 69, 71], and for some heavy nuclei (A > 12) with the calculations for
proton given in [52].
The parametrization of the SRC and the mean field momentum distributions in VN and
VN in the nonrelativistic approximations are presented in section 4.7. The section 4.8 summa-
rizes the results of the chapter.
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4.1 Parameters for numerical estimates of the nuclear spectral functions
Before presenting the numerical estimates of the nuclear spectral functions, it is convenient
to discuss briefly the range of validity and set of parameters which will be used to obtain such
numerical estimates.
The main assumption for the nuclear spectral function models is the dominance of NN
SRC in the nuclear dynamics for internal momenta p¦ ksrc > kF , where ksrc is the relative mo-
mentum threshold at which a NN system with such relative momentum can be considered in
the short-range correlation. The next major assumption is the dominance of the isosinglet pn
component in the NN SRC. The empirical evidence of the dominance of NN SRCs was accumu-
lated during the last several decades (see e.g. [43, 49, 64, 74, 78, 84, 103]) in high energy electro-
and hadroproduction reactions. Recent triple-coincident experiments [85, 90, 119] indicated
that the pn dominance in the nucleon-nucleon SRC persists for up to the heavy nuclei such as
A = 208. Hence, it is expected that the models developed in the present dissertation should be
valid for a wide range of atomic nuclei.
The parameters discussed below are independent of the use of the VN or LF approxima-
tions. Therefore, further refinements are achieved in their values for lightest nuclei (A ≤ 12), by
considering the nonrelativistic limit of the VN approximation model and comparing them with
ab ini t i o calculations that result from the variational Monte Carlo methods given in [120].
These refinements are presented in section 4.3.
With the parameters for 2N and 3N SRCs fixed, the normalization factors nN2N and n
N
3N
within VN and LF approximations can be calculated. Note that the normalization factors will
be model dependent since the 2N and 3N momentum distributions predicted in VN and LF
approximations are different. Once these normalizations are calculated, the norm of the mean
field distributions can be estimated from the relation nNMF = 1−nN2N −nN3N . Thus the estimates
for the normalization of mean field distributions will be indirectly VN or LF model dependent.
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4.1.1 Parameter a2(A,Z )
The most important parameter that defines the strength of 2N SRC is a2(A,Z ). Within the
short-range correlation framework, the parameter can be extracted from the ratios of the cross
sections of high momentum transfer inclusive electronuclear scattering off nuclei A and the
deuteron [43, 49]. Recent measurements at Jefferson Lab [78, 84, 103] provided the magnitudes
of a2(A,Z ) for a rather wide spectrum of atomic nuclei.
4.1.2 Relative momentum threshold ks r c
The 2N SRC relative momentum threshold, ks r c , defines the momentum distribution of NN
SRC in Eqs. (2.37) and (2.99). The value of ks r c is fixed from the condition that it ishould be
sufficiently large for mean-field contribution to be insignificant, as well as close to the thresh-
old value for which pn dominance is observed empirically [85, 90, 119]. Another condition in
defining ks r c is the onset of the dominance of theD -wave contribution in the high momentum
part of the deuteron wave function as described in section 4.2 below. The conditions imply a
value for ks r c ∼400 MeV/c to be applied for the calculation of numerical estimates of the SRC
nuclear spectral function.
4.1.3 Parameter γ
In the nuclear spectral function model developed in the present dissertation, the contributions
of pp and nn SRCs were neglected, however they are expected to increase with the mass num-
ber A [112]. To account for the effects due to the pp and nn SRCs correlations, the parameter
γ is introduced. On the basis of the experimental observation [119] that in the 2N SRC regions
pn dominates by almost a factor of 20 for a wide range of nuclei (up to A = 208), the following
approximations are adopted: γ≈ 0.8 for asymmetric nuclei, and γ≈ 1.0 for symmetric nuclei.
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4.1.4 Parameters for 2N SRC center of mass momentum distribution
The width of the 2N SRC center of mass distribution, β (A), and the parameter N0 in Eq. (2.36),
are chosen from the estimates that result from the convolution of the mean-field distribution
of two independent nucleons presented in Ref. [52].
4.1.5 3N SRC suppression factor C N (A,Z )
For the case of 3N SRCs, the only additional parameter needed to estimate the nuclear spectral
function is the suppression factorC N (A,Z ) defined in Eq. (2.49). The factorC N (A,Z ) accounts
for the suppression of the 3N configurations with two identical spectators likepp andnn pairs,
and affects only the distribution of the minority component in the asymmetric nucleus. For
example, according to the considered model, the neutron can not be generated from 3N SRC
in the 3He nucleus, since it will produce two “parallel" protons in the final state. The factors
C p (A,Z ) and C n (A,Z ) are defined in Eqs. (3.3) for proton and neutron respectively.
4.2 Momentum distribution and light-front density matrix for deuteron
The numerical estimates of the momentum distribution and the light-front density matrix for
deuteron are included in the present section,
4.2.1 Momentum distribution for deuteron
The D-wave deuteron momentum distribution (nd ) used for the nuclear spectral function cal-
culations, results from a wave function modeled with the Argone V18 (AV18) two-nucleon po-
tential, that is specially suitable for the spectral function model since fits both pp and np
data [51]. The total momentum distribution, as well as the S-wave and the D-wave momen-
tum distribution components, calculated with the AV18 potential is shown in Fig. 4.1 [69].
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Figure 4.1: The momentum distribution of deuteron (s-wave: dot-dash, d-wave:dash) .
The D-wave of the deuteron momentum distribution, shown in Fig. 4.1, starts to domi-
nate (by a factor of ≈ 8) the S-wave momentum distribution at p ≈ 350 MeV/c, and for p ≈ 400
MeV/c is more than two orders of magnitude greater than the S-wave momentum distribution.
Hence, for a proper modeling of the D-wave deuteron momentum distribution (nd ), the value
of 400 MeV/c for the 2N SRC relative momentum threshold, ks r c , was chosen for the numerical
estimates of the nuclear spectral function.
4.2.2 Light-front density matrix for deuteron
The numerical estimates for light-front density matrix of the deuteron used for the LF nuclear
spectral function calculations, was obtained by using the model for this density matrix given by
Eq. (3.37). The graph for the density matrix as well as the graph of the momentum distribution
used in its calculation is given in Fig. 4.2.
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Figure 4.2: Upper graph: Deuteron momentum distribution. Lower graph: Deuteron light-
front density matrix
The graph shows that the deuteron density matrix is the joint probability of the transverse
momentum (p⊥) and the momentum fraction of the 2N SRC, β , carried by the bound nucleon,
with a maximum value for β = 1, as it is expected. The momentum distribution graph repro-
duces the total momentum distribution showed in the Fig. 4.1 above, as it was also expected.
4.3 Numerical estimates for SRC nuclear spectral function in virtual nucleon
approximation
The 2N and 3N SRC nuclear spectral functions for proton and neutron in VN approximation are
calculated with the computational models given by Eqs.(3.8) to (3.19), and Eqs.(3.26) to (3.35)
respectively. The same calculations for 2N and 3N SRC nuclear spectral function in VN approx-
imation in the nonrelativistic limit are made with Eqs.(3.82) to (3.96), and with Eqs.(3.100) to
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(3.113) respectively. The SRC parameters for the calculation of the nuclear spectral functions
are given in the Tables 4.1 and 4.2 described in the section 4.6 of the present chapter.
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Figure 4.3: Nuclear spectral function for 9Be in the nonrelativistic limit of the VNA
The numerical results for nuclear spectral function for 9Be and 56Fe in the non relativistic
limit of the VN approximation are represented by the three dimensional graphs depicted in
Figs. 4.3 and 4.4 respectively. The graphs show that the nuclear spectral function as expected,
is the joint probability of the momentum (p) and removal energy (Em) of the bound nucleon.
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Fe High Momentum Nuclear Spectral Function56
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Figure 4.4: Nuclear spectral function for 56Fe in the nonrelativistic limit of the VNA
The spectral function graphs also present a region of maximum values for 0.3 ≤ p ≤ 0.6
GeV/c, that, as expected, corresponds to the dominance of the D-wave of the deuteron mo-
mentum distribution (see Fig. 4.1), over the S-wave momentum distribution, that implies max-
imum probability of having 2N SRC in the nucleus.
The graphs for the numerical estimates of nuclear spectral function with constant values
of momentum for VNA and VNA in the nonrelativistic limit, are shown in Fig. 4.5 for 3He and
9Be. The spectral function for proton in 3He, and for proton and neutron in 9Be shows a tail
for p > 0.45 GeV/c due to the presence of 3N SRC for these nucleons. This tail is not present
for the spectral function for the neutron in the 3He nucleus, due to the fact that 3N SRC is
not allowed for this nucleon due to the Pauli exclusion principle. The maximum value of the
spectral function has a monotonic decrease with the values of momentum, also, in general, the
dispersion of the removal energy Em increases when the momentum increases.
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Figure 4.5: Nuclear spectral function, with constant values of momentum for 3He and 9Be, in
VNA and in the nonrelativistic limit of the VNA
4.4 Numerical estimates for SRC nuclear spectral function in light-front
approximation
The 2N and 3N SRC nuclear spectral functions for proton and neutron in the LF approximation
are calculated with the computational models given by Eq.(3.54) (to (3.58), and Eqs.(3.74) to
(3.78 ) respectively. The SRC parameters for the calculation of the spectral function are given
in Tables 4.1 and 4.2 described in the section 4.6 of the present chapter.
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Light-front SRC Nuclear Spectral Function (tilde_M^2 = 0.50 GeV^2)
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Figure 4.6: Nuclear spectral function for 9Be in light-front approximation, for M˜ 2N = 0.5 GeV
2
The numerical results for the SRC nuclear spectral function for 9Be in the LF approxima-
tion are represented by the three dimensional graphs depicted in Fig. 4.6, for an invariant mass
M˜ 2N = 0.5 GeV
2. A similar graph is shown in Fig. 4.7, for the SRC nuclear spectral function for
197Au in the LF approximation, for an invariant mass M˜ 2N = 0.2 GeV
2. The graphs show that
the LF nuclear spectral function for constant values of the invariant mass, is the joint probabil-
ity of finding a bound nucleon in the nucleus with light-front "+" momentum fraction (α) and
transverse momentum (p⊥), as it is expected,.
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Light-front SRC Nuclear Spectral Function (tilde_M^2 = 0.20 GeV^2)
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Figure 4.7: Nuclear spectral function for 197Au in light-front approximation, for M˜ 2N = 0.2 GeV
2
The SRC nuclear spectral function graphs show that the range of values of α for which
the spectral function is greater than zero, increases with the value of the mass number A of the
nucleus. The graphs also show that the maximum values of the LF nuclear spectral function
for 9Be are in the range 0.8 < α < 1.2, whereas for 197Au are in the range 1.0 < α < 3.0, so that
the range also increases with the mass number A of the nucleus. The results are as expected,
since the range of possible values of the light-front "+" momentum fraction for any nucleus
with mass number A is 0<α< A.
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4.5 Numerical estimates for SRC density matrices in light-front approximation
The SRC density matrices for proton and neutron in the LF approximation are calculated with
Eq. (2.54), on which the density matrix is obtained by the integration of the SRC nuclear spectral
function in the LF approximation over the invariant mass M˜ 2N .
Light-front SRC Nuclear Density Matrix
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Figure 4.8: SRC density matrix for 9Be in light-front approximation
The numerical results for the SRC density matrices for 9Be and 197Au in the LF approxima-
tion are represented by the three dimensional graphs depicted in Figs. 4.8 and 4.9. The graphs
show that the LF SRC density matrix is the joint probability of finding a bound nucleon in the
104
nucleus with the light-front "+" momentum fraction (α) and the transverse momentum (p⊥),
as it is expected.
Light-front SRC Nuclear Density Matrix
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Figure 4.9: SRC density matrix for 197Au in light-front approximation
Similar to the case of the SRC nuclear spectral function, the graphs for the SRC density
matrices show that the range of values of α for which the spectral function is greater than zero,
increases with the value of the mass number A of the nucleus. The graphs also show that the
maximum values of the LF nuclear spectral function for 9Be are in the range 0.8 < α < 1.2,
whereas for 197Au are in the range 1.0 < α < 3.0, so that the range also increases with the mass
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number A of the nucleus. The results are as expected, since the range of possible values of the
light-front "+" momentum fraction for any nucleus with mass number A is 0<α< A.
4.6 Numerical estimates for SRC momentum distribution in virtual nucleon
approximation
The numerical estimates for 2N and 3N SRC momentum distribution for proton and neutron
are calculated with the following equations:
n
p/n
A,2N (p1) =
∫ 1
0
S
p/n
A,2N (p1,Em )dEm
n
p/n
A,3N (p1) =
∫ 1
0
S
p/n
A,3N (p1,Em )dEm (4.1)
where the nuclear spectral functions S
p/n
A,2N and S
p/n
A,3N are given by Eqs. (3.13) and (3.29) for the
VN approximation approach respectively, and by Eqs. (3.86) and (3.104) for the VN approxima-
tion in the nonrelativistic limit respectively.
The SRC parameters for the calculation of the spectral function are given in Tables 4.1 and
4.2, where the auxiliary parameters a2p(n)-eff, a3p(n), and a3p(n)-eff have been included to simplify
the notations. The equations used to calculate the auxiliary parameters are
a2p(n)-eff =
a2(A,Z )
(2Xp (n ))
γ
a3p = a
2
2 (A,Z ) fp
a3n = a3p fn
a3p-eff = a3pC
p (A,Z )
a3n-eff = a3nC
n (A,Z ) (4.2)
where p(n) stands for proton and neutron respectively, a2(A,Z ) is defined in Eq. (2.37), xp/n
are given by Eq. (3.2), and the C p/n (A,N ) factors by Eq. (3.3). The proportionality factors fp/n
were chosen to verify the prediction that the overall probability of finding 3N SRC in the nu-
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cleus is proportional to the factor a 22 (A,Z ) (Eq. (2.49). The expected range of values for the
proportionality factors was defined as .85≤ fp/n ≤ 1.15.
Table 4.1: 2N SRC parameters for light and heavy Nuclei (kF in GeV)
Nucleus a2 a2peff a2neff a2exp [103] αcm γ kF
3He 1.65 1.31 2.28 2.13 3.70 0.80 0.15
4He 3.10 3.10 3.10 3.60 2.40 1.00 0.16
6He 2.35 3.25 1.87 2.20 0.80 0.18
8He 2.10 3.66 1.52 2.20 0.80 0.20
6Li 2.75 2.75 2.75 2.20 1.00 0.20
7Li 2.72 3.08 2.44 2.10 0.80 0.20
8Li 2.60 3.27 2.17 2.00 0.80 0.20
9Li 2.65 3.67 2.11 1.90 0.80 0.20
8Be 3.40 3.40 3.40 1.50 1.00 0.20
9Be 3.10 3.41 2.85 3.91 1.20 0.80 0.20
10Be 2.90 3.47 2.50 1.10 0.80 0.22
10B 3.00 3.00 3.00 1.10 1.00 0.22
11B 3.20 3.45 2.98 1.10 0.80 0.22
12C 4.25 4.25 4.25 4.75 1.00 1.00 0.221
16O 4.20 4.20 4.20 1.20 1.00 0.220
27Al 4.50 4.64 4.37 1.00 0.80 0.235
40Ca 4.40 4.40 4.40 1.00 1.00 0.251
56Fe 4.95 5.25 4.68 1.10 0.80 0.256
64Cu 5.02 5.43 4.67 5.21 1.00 0.80 0.260
197Au 4.56 5.44 3.95 5.16 1.00 0.80 0.265
208Pb 4.80 5.80 4.12 1.00 0.80 0.265
The criteria used to estimate the values ofa2 anda3 for light nuclei (A≤ 12) was that, in the
momentum range 0.45 < p < 1.00 GeV/c, the allowed maximum deviation of the momentum
distribution numerical estimates, obtained with Eq. 4.1, from the quantum Monte Carlo (QMC)
results given in [69] was of ± 15 %. For nuclei with experimental values, a2e p for a2, the values
a2 were chosen to be, up to 30 %, equal to the experimental values given in references [84,103].
For heavier nuclei with A>12, the values of a2 were chosen equal to the available experimental
values in [84, 103].
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Table 4.2: 3N SRC parameters for light and heavy nuclei
Nucleus fp a3p fn a3n a3p-eff a3n-eff
3He 3.00 8.17 1.00 8.17 5.45 0.0
4He 2.00 19.22 1.00 19.22 9.61 9.61
6He 5.70 31.48 0.20 6.30 10.49 6.30
8He 12.00 52.92 0.08 4.23 13.23 5.29
6Li 1.50 11.34 1.00 11.34 7.56 7.56
7Li 2.25 16.65 1.00 16.65 9.51 14.27
8Li 3.16 21.36 0.75 16.02 10.68 16.02
9Li 4.30 30.20 0.35 10.57 13.42 11.74
8Be 1.15 13.29 1.00 13.29 9.97 9.97
9Be 1.60 15.38 0.70 10.76 10.25 9.57
10Be 2.20 18.50 0.70 12.95 11.10 12.95
10B 1.25 11.25 1.00 11.25 9.00 9.00
11B 3.50 35.84 0.85 30.46 26.07 27.69
12C 1.20 21.68 1.00 21.68 18.06 18.06
16O 1.00 17.64 1.00 17.64 15.43 15.43
27Al 1.00 20.25 1.00 20.25 18.00 19.50
40Ca 1.00 19.36 1.00 19.36 18.39 18.39
56Fe 1.00 24.50 1.00 24.50 21.88 25.38
64Cu 1.00 25.20 1.00 25.20 22.05 26.77
197Au 1.00 20.79 1.00 20.79 16.47 24.70
208Pb 1.00 23.04 1.00 23.04 17.94 27.69
The values of the proportionality factors fn in the Table 4.2 are within the expected range
.85 ≤ fn ≤ 1.15. However, the values of the proportionality factors fp are outside the expected
range for some light nuclei.
The predictions for the SRC momentum distribution for proton and neutron for light nu-
clei (A ≤ 12), calculated with Eqs. (4.1) and with the SRC parameters given in Tables 4.1 and
4.2, are compared with the momentum distributions from ab initio quantum Monte Carlo cal-
culations (QMC) [69], the comparison is shown in Figs. 4.10 , 4.11, and 4.12 for 3He, 8He, and
9Be respectively. A good agreement, up to ± 15 %, is found between the predictions and the
QMC calculations for momenta in the range 450-1000 MeV/c, both for proton and neutron.
The results show that the SRC high momentum nuclear spectral function models developed in
the present dissertation, describe reasonably well the high momentum spectral function and
the high momentum distributions for light nuclei in the nonrelativistic limit of the VN approx-
imation.
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Figure 4.10: SRC momentum distribution for proton in 3He, in VNA and in the nonrelativistic
limit of the VNA, the predictions in the nonrelativistic limit of the VNA are compared to QMC
calculations
The values of momentum distribution for proton in 8He are higher that for neutron in
Fig.4.11. This result is expected since the relative fraction factor for proton, xp , is smaller than
the same factor for neutron, xn , in a neutron-rich nucleus as
8He. Thus, since there are more
neutrons than protons, the probability for a proton to be in SRC to a neutron is much higher
than the probability for a neutron to be in SRC to a proton.
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Figure 4.11: SRC momentum distribution for 8He in the nonrelativistic limit of the VNA com-
pared to QMC calculations
The nonrelativistic predictions of momentum distribution, calculated with Eqs. (4.1) and
with the SRC parameters given in the Tables 4.1 and 4.2, for 56Fe is depicted in the Fig. 4.13.
The predictions are compared to the 2N SRC momentum distribution Ciofi/Simula results for
proton given in [52]. The predictions have the same slope and greater values as compared to
the Ciofi/Simula results for proton. The result is explained by considering that the predictions
include the 3N SRC contributions as well as the corrections represented by the proton and neu-
tron relative fraction factor xp/n (3.2), contributions and corrections that are not present in the
Ciofi/Simula results.
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Figure 4.12: SRC momentum distribution for neutron in 9Be, in VNA and in the nonrelativistic
limit of the VNA, the predictions in the nonrelativistic limit of the VNA are compared to QMC
calculations
The predictions for the SRC momentum distribution for proton and neutron in the VN
approximation are compared to the momentum distribution in the nonrelativistic limit of the
VNA for 208Pb. The results are calculated with the Eqs. (4.1) and with the SRC parameters given
in the Tables 4.1 and 4.2. The VNA momentum distributions are as expected between 30 % and
80 % greater than the momentum distributions for the non relativistic case, the difference being
greater for higher momentum. Similar results are obtained for the momentum distribution for
proton in 3He (Fig. 4.10), and for neutron in 9Be (Fig. 4.12).
111
p[GeV/c]
0.3 0.4 0.5 0.6 0.7 0.8 0.9
 
]
 
(-3
)
n
 [ G
eV
4−10
3−10
2−10
1−10
1
Fe56
Cioffi/Simula proton
2N SRC proton
2N SRC neutron
3N SRC proton
3N SRC neutron
Total SRC proton
Total SRC neutron
 
Figure 4.13: SRC momentum distribution for 56Fe in the nonrelativistic limit of the VNA com-
pared to 2N SRC momentum distribution for proton in Ciofi/Simula [52]
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Figure 4.14: SRC momentum distribution for 208Pb in VN approximation compared to predic-
tions in the nonrelativistic limit of the VNA
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4.7 Parametrization of SRC and mean field momentum distribution
The parametrization results for the mean field and the SRC momentum distributions are given
in the present section. The parametrization of the nucleon momentum distribution for light
(A≤12) and heavy nuclei (16 ≤A≤208) are obtained for the mean field momenta in the range
(0 ≤ p ≤ 1.5 fm−1) and for the SRC momenta in the range (1.5 ≤ p ≤ 4.5 fm−1).
The nonrelativistic mean field momentum distribution nMF for each nucleus is calcu-
lated with the following expressions
nMF(p) =
1−4pi∫ 1
0
p2[np/nA,2N(p) +n
p/n
A,3N(p)]dp
4pi
∫ 1
0
k2n0(p)
n0(p) (4.3)
so that the total (MF plus SRC) momentum distribution, ntotal, is normalized to unity, namely
4pi
∫
p2ntotal(p)dp = 4pi
∫ 1
0
p2[nMF(p) +n
p/n
A,2N(p) +n
p/n
A,3N(p)]dp = 1.0 (4.4)
The SRC momentum distributions n
p/n
A,2N and n
p/n
A,3N are calculated by Eq.(4.1), with the
SRC nuclear spectral functions in the VN approximation and VN approximation in the nonrel-
ativistic limit. The mean field momentum distributions n0 for light nuclei are obtained from
the QMC results given in Ref. [69]; for 16O and 40Ca from reference [52]; and for 27Al, 56Fe, and
208Pb from the mean field wave function given for Zverev [123]
The equations for the parametrization of the mean field and the SRC momentum distri-
butions are those given by Ciofi and Simula in Ref. [52]. The parametrization of the mean-field
momentum distribution, in the range 0.0≤ p≤ 1.50 fm −1 for light nuclei (A≤ 12), are obtained
with the following equations
nMF (p) =
A(0)1
e −B
(0)
1 p
2
(1+C (0)1 p2)2
+A(0)2
e −B
(0)
2 p
2
(1+C (0)2 p2)2
4pi
, (4.5)
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and for heavy nuclei (16 ≤A≤208) with
nMF (p) =
A(0)e −B (0)p2 (1+C (0)p2 +D (0)p4 +E (0)p6 + F (0)p8)
4pi
, (4.6)
where 4pi
∫
dpp2nMF (p) = 1. For the parametrization of the SRC momentum distributions, in
the range 1.5 ≤ p ≤ 4.50 fm −1, the equations are
nSRC (p) =
A(1)e −B (1)p2 +C (1)e −D (1)p2 +E (1)e −F (1)p2
4pi
(4.7)
where 4pi
∫
dpp2nSRC (p) = 1.
4.7.1 Parametrization of the SRC and the mean field momentum distribu-
tion for the VN approximation in the nonrelativistic limit
The parametrization of the momentum distribution for nuclei with 3 ≤A≤208 calculated with
the nuclear spectral functions in the nonrelativistic limit of the VN approximation is obtained
with Eqs. (4.5) to ( 4.7) for the mean-field and the SRC momentum distributions respectively.
The corresponding parameters for the mean field and the SRC momentum distributions are
given in Tables 4.3 to 4.6, for light and heavy nuclei respectively.
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Table 4.3: Parameters for the non-relativistic mean-field momentum distribution for light nu-
clei A ≤12
Nucleus A(0)1 (fm
3) B (0)1 (fm
2) C (0)1 (fm
2) A(0)2 (fm
3) B (0)2 (fm
2) C (0)2 (fm
2)
3He (p) 36.20 1.07 5.09 0.36 5.22 0.17
3He (n) 21.60 0.49 5.13 5.54 4.80
4He 9.78 1.04 1.38 0.67 5.20
6He (p) 3.06 4.50 0.68 8.60 1.14 1.23
6He(n) 27.68 1.19 3.29 -20.91 7.08 6.50
8He(p) 12.14 0.99 1.72 -1.80 8.65
8He(n) 16.45 1.78 1.21 -13.58 7.79 3.07
6Li 14.04 1.34 1.20 -4.30 13.20
7Li (p) 11.11 1.33 1.13 -2.70 8.58
7Li (n) 10.08 1.60 0.71 -3.59 9.45
8Li (p) 8.17 1.72 0.46 -1.55 8.37
8Li (n) 14.17 1.23 1.37 -10.48 7.97
9Li (p) 7.88 1.34 0.70 -1.80 7.65
9Li (n) 7.68 2.09 0.094 -4.92 10.82
8Be(p) 7.98 1.34 0.70 -1.64 7.50
9Be(p) 8.17 1.44 0.63 -1.92 6.57
9Be(n) 7.99 1.89 0.27 -3.21 8.64
10Be(p) 7.08 2.32 -0.026 -2.02 10.37
10Be(n) 8.36 2.01 0.20 -5.41 8.89
12C 6.70 1.26 0.45 -3.41 4.90
Table 4.4: Parameters for the non-relativistic mean-field momentum distribution for heavy nu-
clei 16 ≤ A ≤ 208
Nucleus A(0)(fm3) B (0)(fm2) C (0)(fm2) D (0)(fm4) E (0)(fm6) F (0)(fm8)
16O(p) 2.93 3.01 6.60
27Al (p) 1.83 3.10 7.00 3.51
27Al (n) 2.30 3.24 3.75 6.18
40Ca(p) 3.24 3.60 0.00 11.10
56Fe (p) 3.03 3.84 -0.17 11.42 3.63
56Fe (n) 2.65 3.80 2.60 1.89 12.18
208Pb (p) 2.59 5.55 1.08 49.22 -121.16 210.69
208Pb (n) 1.89 3.61 5.66 -9.36 24.30
The momentum distributions calculated with the SRC nuclear spectral functions in the
nonrelativistic limit of the VN approximation, compared to the curve fitting obtained with the
parameters in Table 4.3 to Table 4.6, are presented in Figs. 4.15 and 4.16, for some light and
heavy nuclei respectively. The agreement between the curve fitted with the parameters and
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those from numerical calculations is, in general, good for all the range of momentum consid-
ered.
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Figure 4.15: Momentum distribution for light nuclei calculated with the SRC nuclear spectral
functions in the nonrelativistic limit of the VNA, compared to the curve fitting obtained with
the mean field parameters in Table 4.3 and SRC parameters in Table 4.5
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Figure 4.16: Momentum distribution for heavy nuclei calculated with the SRC nuclear spectral
functions in the nonrelativistic limit of the VNA, compared to the curve fitting obtained with
the mean field parameters in Table 4.4 and SRC parameters in Table 4.6
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Table 4.5: Parameters for the SRC momentum distribution in the nonrelativistic limit of the
VNA for light nuclei A ≤12
Nucleus A(1)(fm3) B (1)(fm2) C (1)(fm3) D (1)(fm2) E (1)(fm3) F (1)(fm2)
3He (p) 0.93 1.87 0.009 0.22 0.0014 0.18
3He (n) 0.94 1.64 0.026 0.34 0.006 0.19
4He 3.16 1.92 0.021 0.22 0.0023 0.19
6He (p) 0.35 0.95 0.015 0.19
6He (n) 0.60 1.60 0.0114 0.20
8He (p) 0.87 1.67 -0.040 0.34 0.091 0.29
8He (n) 0.50 1.83 0.02 0.27
6Li (p) 3.00 1.90 0.02 0.22 0.001 0.30
7LI (p) 0.20 1.21 0.033 0.32 0.002 0.07
7Li (n) 0.26 1.32 0.024 0.30 0.0013 0.058
8LI (p) 0.24 1.12 0.041 0.30 0.0013 0.072
8Li (n) 0.27 1.18 0.021 0.27 0.001 0.09
9LI (p) 0.26 1.10 0.041 0.30 0.0017 0.07
9Li (n) 0.25 1.20 0.02 0.27 0.0012 0.08
8Be 0.36 1.07 0.015 0.22 0.0052 0.16
9Be (p) 0.31 1.11 0.035 0.33 0.0045 0.12
9Be (n) 0.29 1.12 0.019 0.30 0.0047 0.13
10Be (p) 0.31 1.11 0.035 0.33 0.0045 0.12
10Be (n) 0.28 1.13 0.018 0.31 0.0045 0.14
12 C 1.79 1.50 0.032 0.57 0.029 0.21
Table 4.6: Parameters for the SRC momentum distribution in the nonrelativistic limit of the
VNA for heavy nuclei 16 ≤ A ≤ 208
Nucleus A(1)(fm3) B (1)(fm2) C (1)(fm3) D (1)(fm2) E (1)(fm3) F (1)(fm2)
16O(p) 0.48 1.33 0.057 0.25 -0.011 0.35
27Al(p) 0.80 1.25 0.045 0.23
27Al(n) 0.60 1.25 0.041 0.23
40Ca(p) 0.45 1.31 0.058 0.246 -0.011 0.35
56Fe (p) 0.40 1.27 0.044 0.21
56Fe (n) 0.75 1.20 0.032 0.19
208Pb (p) 0.36 1.45 0.041 0.20
208Pb (n) 3.12 1.48 0.0022 0.18
4.7.2 The parametrization of the SRC and the mean field momentum distri-
bution in virtual nucleon approximation
The parametrization of the momentum distribution for nuclei with 3 ≤A≤208 calculated with
the nuclear spectral functions in the VN approximation is obtained with Eqs. (4.5) to ( 4.7) for
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the mean-field and the SRC momentum distributions respectively. The corresponding param-
eters for the mean field and the SRC momentum distributions are given in the Tables 4.7 to
4.10, for light and heavy nuclei respectively.
Table 4.7: Parameters for the mean-field momentum distribution in VNA for light nuclei A≤12
Nucleus A(0)1 (fm
3) B (0)1 (fm
2) C (0)1 (fm
2) A(0)2 (fm
3) B (0)2 (fm
2) C (0)2 (fm
2)
3He (p) 36.20 0.97 5.09 0.36 6.22 0.17
3He (n) 21.60 0.49 5.13 5.54 4.80
4He 9.78 1.04 1.38 0.67 5.20
6He (p) 3.06 4.50 0.68 9.00 1.14 1.23
6He(n) 27.68 1.19 3.15 -20.91 7.08 6.50
8He(p) 12.14 0.99 1.72 -1.80 8.65
8He(n) 16.45 1.78 1.13 -13.58 7.79 3.07
6Li 13.40 1.34 1.20 -4.30 13.20
7Li (p) 11.11 1.33 1.13 -2.70 8.58
7Li (n) 10.08 1.60 0.71 -3.59 9.45
8Li (p) 8.17 1.62 0.46 -1.55 8.37
8Li (n) 14.17 1.23 1.37 -10.48 7.97
9Li (p) 7.88 1.34 0.70 -1.80 7.65
9Li (n) 7.68 2.09 0.094 -4.92 10.82
8Be(p) 7.98 1.34 0.70 -1.64 7.50
9Be(p) 8.17 1.44 0.63 -1.92 6.57
9Be(n) 7.99 1.89 0.27 -3.21 8.64
10Be(p) 7.08 2.32 -0.026 -2.02 10.37
10Be(n) 8.36 2.01 0.20 -5.41 8.89
12C 6.70 1.26 0.45 -3.41 4.90
Table 4.8: Parameters for the mean-field momentum distribution in VNA for heavy nuclei 16≤
A ≤ 208
Nucleus A(0)(fm3) B (0)(fm2) C (0)(fm2) D (0)(fm4) E (0)(fm6) F (0)(fm8)
16O(p) 2.73 3.00 6.60
27Al (p) 1.65 3.10 7.00 6.00
27Al (n) 2.30 3.24 3.75 7.18
40Ca(p) 3.27 3.55 0.07 10.41
56Fe (p) 2.66 3.85 -0.20 11.46 6.99
56Fe (n) 2.50 3.81 2.55 2.05 12.20
208Pb (p) 2.15 5.20 1.16 44.33 -120.00 180.96
208Pb (n) 1.76 3.59 5.61 -9.47 24.12
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Table 4.9: Parameters for the SRC momentum distribution in VNA for light nuclei A ≤12
Nucleus A(1)(fm3) B (1)(fm2) C (1)(fm3) D (1)(fm2)
3He (p) 0.39 1.35 0.014 0.21
3He (n) 0.10 0.59 0.015 0.19
4He 0.20 0.83 0.027 0.20
6He (p) 0.24 0.95 0.030 0.20
6He (n) 0.17 1.10 0.020 0.21
8He (p) 0.24 0.85 0.030 0.19
8He (n) 0.14 1.15 0.018 0.22
6Li (p) 0.19 0.83 0.027 0.20
7LI (p) 0.19 0.90 0.028 0.20
7Li (n) 0.12 0.77 0.020 0.19
8LI (p) 0.19 0.90 0.028 0.19
8Li (n) 0.14 0.73 0.020 0.19
9LI (p) 0.21 0.77 0.028 0.19
9Li (n) 0.13 0.76 0.017 0.18
8Be 0.21 0.80 0.030 0.20
9Be (p) 0.21 0.77 0.028 0.19
9Be (n) 0.14 0.75 0.019 0.175
10Be (p) 0.15 0.83 0.026 0.18
10Be (n) 0.13 0.78 0.018 0.17
12 C 0.33 0.73 0.025 0.16
Table 4.10: Parameters for the SRC momentum distribution in VNA for heavy nuclei 16 ≤ A ≤
208
Nucleus A(1)(fm3) B (1)(fm2) C (1)(fm3) D (1)(fm2) E (1)(fm3) F (1)(fm2)
16O(p) 0.20 0.96 -0.028 0.22 0.069 0.21
27Al(p) 0.52 1.11 0.047 0.20 -0.035 0.89
27Al(n) 0.52 1.11 0.043 0.20 -0.020 0.73
40Ca(p) 0.21 0.90 -0.027 0.24 0.069 0.21
56Fe (p) 0.24 0.86 -0.025 0.23 0.069 0.20
56Fe (n) 0.42 1.04 0.048 0.20 -0.05 1.00
208Pb (p) 0.23 0.90 -0.025 0.25 0.071 0.20
208Pb (n) 1.46 1.18 0.026 0.16
The momentum distribution calculated with the SRC nuclear spectral functions in the
VN approximation, compared to the curve fitting obtained with the parameters in Table 4.7 to
Table 4.10, is presented in Figs. 4.17 and 4.18, for some light and heavy nuclei respectively. The
agreement between the curve fitted with the parameters and those from numerical calculations
is, in general, good for all the range of momentum considered.
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Figure 4.17: Momentum distribution for light nuclei calculated with the SRC nuclear spectral
functions for VNA, compared to the curve fitting obtained with the mean field parameters in
Table 4.7 and the SRC parameters in Table 4.9
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Figure 4.18: Momentum distribution for heavy nuclei calculated with the SRC nuclear spectral
functions for VNA, compared to the curve fitting obtained with the mean field parameters in
Table 4.8 and the SRC parameters in Table 4.10
4.8 Summary
The numerical estimates of the 2N and 3N SRC nuclear spectral functions in the LF and VN
approximations, as well as the numerical estimates and the parametrization of momentum
distribution of the bound nucleon, both for VN and VN in the nonrelativistic limit approxi-
mations, are obtained in the present chapter. The numerical estimates for the LF SRC density
matrices are also calculated. The nuclear spectral functions and the LF SRC density matrices
are calculated with the computational models developed in chapter 3.
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Before calculating the numerical estimates of the nuclear spectral functions, the range of
validity and set of parameters used for the numerical estimates are briefly discussed.
The D and S-waves deuteron momentum distribution (nd ) are defined as the result from
a wave function modeled with the Argone V18 (AV18) two-nucleon potential, that is specially
suitable for the spectral function model since fits both pp and np data [51]. The numerical
estimates for the deuteron LF density matrix are also included in the present chapter.
The numerical estimates for the 2N and 3N SRC momentum distribution for proton and
neutron are calculated by integration of the nuclear spectral functions obtained in the compu-
tational models of chapter 3. These momentum distributions are compared for light nuclei (A
≤ 12) with the ab initio quantum Monte Carlo calculations given in [69], and for some heavy
nuclei (A > 12) with the calculations for proton included in [52].
The mean-field and SRC momentum distributions in VNA and VN in the nonrelativistic
limit are parametrized for a wide range of nuclei (3 ≤A≤208), resulting in a set of curve fitting
parameters useful for further calculations.
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CHAPTER 5
Conclusions
For momenta below the Fermi momentum kF ∼ 250 MeV/c , the nuclear shell model, derived
from the mean field picture of the nucleus, has been successful in correctly predicting all nu-
clear magic numbers, as well as in describing a large amount of nuclear data. The main as-
sumption of the nuclear mean field model is that the nucleons are independent particles mov-
ing in an average or mean field generated by the remaining (A−1) nucleons in the nucleus. As
a result each nucleon is independent of the exact instantaneous position of all other nucleons.
The nuclear shell model is valid for nucleons with long range (≥ 2 fm) mutual separations.
The nuclear shell model however is found to break down for inter nucleon distances
smaller than 2rN , where rN ≈ 0.85 fm is the radius of the nucleon, for which two nucleons
start to overlap and the notion of the mean field become invalid. Their dynamics are mainly
defined by the NN interaction at short distances which is dominated by the tensor interac-
tion (∼ 0.8− 1.2 fm) and repulsive core (≤ 0.5− 0.7 fm). Such configurations are generally re-
ferred to as 2N Short Range Correlations (SRCs). The domain of multi-nucleon SRCs is charac-
terized by relativistic momenta of the probed nucleon. Another high energy nuclear phenom-
ena for which the nuclear shell model is not valid, is the modification of quark distribution of a
bound nucleon in the nucleus, as compared to that of a free nucleon, the so called EMC effect.
In 2011, the strong correlation between the EMC effect and the 2N SRC in the nucleus
was observed through high energy experiments (well above kF ). Since the SRC structure in
the nucleus implies high momentum bound nucleons, the experiments indicate that the EMC
effect is only due to the high momentum component of the nuclear wave function, so that
the possible modification of the parton distributions in nucleons in the nucleus occur only in
nucleons belonging to SRCs.
A further understanding of the dynamics involved in the above described areas of high
energy nuclear physics require theoretical models to predict the high momenta and binding
energies of bound nucleons in the nuclei that describe 2N and 3N SRC in a consistent way. Such
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models are described as nuclear spectral functions that define the joint probability of finding
a nucleon in the nucleus with momentum p and removal (binding) energy Em .
The main motivation of the research presented in the present dissertation was therefore
to develop a self consistent theoretical model for the calculation of nuclear spectral functions
in the domain of the 2N and 3N short range correlations. For momenta above 400 MeV/c, a
relativistic multi-nucleon short range correlation model of the spectral function was obtained.
This model describes the high momentum and high missing energy of two and three nucleons
in short range correlations (2N and 3N SRC), for symmetric and asymmetric nuclei.
The main assumption for the nuclear spectral function models developed in the present
dissertation is the dominance of NN SRC in the nuclear dynamics for internal momenta
p¦ ksrc > kF , where ksrc is the relative momentum threshold at which a NN system with such rel-
ative momentum can be considered in the short-range correlation. The next major assumption
is the dominance of the isosinglet pn component in the NN SRC. It was also assumed that the
single proton or neutron momentum distributions in the 2N SRC domain are inversely propor-
tional to their relative fractions in nuclei. The inverse proportionality of the high momentum
component to the relative fraction of proton or neutron is important for asymmetric nuclei and
they need to be included in the modeling of nuclear spectral functions in the 2N SRC region.
An additional benefit of considering the inverse proportionality is that distinct nuclear spectral
function models for neutron and for proton were obtained in the present dissertation.
Considering the dominance of NN SRC described above, a main development in the present
dissertation was that the contribution of 3N SRCs to the nuclear spectral function was modeled
assuming that such correlations are generated by two sequential 2N short range correlations.
Hence, the phenomenological knowledge of the properties of 2N SRCs was sufficient to calcu-
late both the 2N and 3N SRC contributions to the nuclear spectral function. This assumption
added to the strong dominance of pn SRCs in nucleus, made it possible to use the momentum
distribution of the deuteron as a fundamental component of the developed nuclear spectral
function models.
A main focus in the developed models was to treat the relativistic effects which are im-
portant for the bound nucleon momenta exceeding characteristic Fermi momentum, kF , in
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the nucleus. The relativistic effects in the present dissertation were treated based on the effec-
tive Feynman diagrammatic approach, in which the Lorentz covariant amplitudes are reduced
to the nuclear spectral functions, in a process of calculation designed to trace the relativistic
effects entering in such functions.
One of the main ambiguities related to the treatment of relativistic effects considered in
the present dissertation was to account for the vacuum fluctuations (Z graphs) which ulti-
mately alter the definition of the spectral function as a probability of finding a bound nucleon
in the nucleus with the given momentum and removal energy. Two suitable approaches were
employed to deal with the relativistic vacuum fluctuations: the virtual nucleon and the light-
front approximations. In the virtual nucleon approximation the vacuum fluctuations were ne-
glected, while in the light-front approximation the vacuum fluctuations are kinematically sup-
pressed.
The amplitudes for the covariant Feynman diagrams for bound nucleons in the mean
field of the nucleus, and in 2N and 3N SRCs, were defined by applying the effective Feynman di-
agrammatic rules. The covariant amplitudes were consistently transformed into nuclear spec-
tral functions to represent bound nucleons in the mean field of the nucleus, and in 2N and
3N SRCs. The obtained mean field models are valid for momenta below the Fermi momentum,
kF , and were constructed by using a nonrelativistic approach to estimate the ground state wave
functions. The models for 2N and 3N SRCs are valid for momenta above 400 MeV. It is there-
fore expected that the nuclear spectral function models developed in the present dissertation
should be valid for the analysis of phenomena important to understand the internal dynamics
and structure of a wide range of atomic nuclei.
The computational models for 2N and 3N SRC high momentum nuclear spectral func-
tions in VN and LF approximations, as well as in the non-relativistic limit of the VN approxi-
mation, were obtained in the present dissertation by integration of the delta functions in the
mathematical models described above.
The computational models are a set of computable integrals that represent the high mo-
mentum nuclear spectral functions, as well as equations for momenta and cosine of angles be-
tween momentum vectors, and for auxiliary variables. Restrictions in the values of momenta
126
and cosine of angles were also defined to ensure that the results are physically valid. The com-
putational models are ready to be programed in a computer to obtain numerical estimates of
nuclear spectral functions, density matrices and momentum distributions.
By applying the developed computational models, the numerical estimates of 2N and 3N
SRC nuclear spectral functions, as well as the numerical estimates and the parametrization of
momentum distributions of the bound nucleon, both for VN and VN in the nonrelativistic limit
approximations, were obtained in the present dissertation.
The predictions for the SRC momentum distribution for proton and neutron for light nu-
clei (A ≤ 12), calculated with the computational models were compared with the momentum
distributions from ab initio quantum Monte Carlo calculations. A good agreement, up to ± 15
%, was found between the predictions and the QMC calculations for momenta in the range 450-
1000 MeV/c, both for proton and neutron. The results showed that the SRC high momentum
nuclear spectral function models developed in the present dissertation, describe reasonably
well the high momentum spectral function and the high momentum distributions for the light
nuclei in the nonrelativistic limit of the VN approximation.
The mean-field and SRC momentum distributions in VNA and VN in the nonrelativis-
tic limit were parametrized for a wide range of nuclei (3 ≤A≤208), resulting in a set of fitting
parameters useful for further calculations.
5.1 Application of the multi-nucleon short range correlation model for the nuclear
spectral functions
Some of the experiments for which the multi-nucleon short range correlation model for the nu-
clear spectral functions developed in the present dissertation may be applied for their analysis
are the following.
5.1.1 Experiments at Jefferson Lab Hall A
• E08-14: x > 2 Short range correlations: Three-nucleon short range correlations studies
in Inclusive scattering for 0.8<Q 2 < 2.8(Gev/c)2
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• E07-006 : Short Range Correlation: Studying short-range correlations in nuclei at the
repulsive core limit via the triple coincidence (e ,e ′pN ) reaction.
• E01-015 : Short Range Correlation Experiment: Studying the internal small distance struc-
ture of nuclei via the triple coincidence (e ,e ′p +N ) measurement.
• E97-111 : Systematic Probe of Short-Range Correlations via 4He(e,e’p)3He: The experi-
ment consists of making measurements of the cross section for the reaction 4He(e,e’p)3H.
• E89-004 : Selected studies of the 3He and 4He Nuclei Through Electrodisintegration at
High Momentum Transfer
5.1.2 Experiments at the BooNE collaboration
The experiments of interest at the BooNE (Booster Neutrino Experiment) collaboration are the
neutrino-nucleus scattering which has the goal of understanding neutrino oscillations. The
experiments are described in reference [95] .
5.1.3 Experiments at the NUTEV collaboration
The experiments of interest at the NUTEV collaboration are the neutrino-nuclei scatterings on
which a discrepancy have been found between measurements of sin2θw (θw is the weak mixing
angle) involving free particles and those involving bound nucleons in the nuclear medium,
the so-called NuTev anomaly [73, 77, 111]. A possible explanation to the experimental results
is the presence of more energetics protons in neutron rich, large A, asymmetric nuclei which
implies that u-quarks are more modified than d-quarks, resulting in a negative correction for
the experimental value of sin2θW for bound nucleons [111]. The application of the models of
the nuclear spectra functions may increase the understanding of the medium modification of
the parton distribution functions (PDFs) as well as the realistic treatment of SRCs involved in
such experiments.
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